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Abstract:

The estimationof parameterén semi-empiricahonlinearmodelsthroughthe errorin-variablesmethod

hasbeenwidely studiedfrom a computationaktandpoint. This methodinvolvesthe minimization of a quadratic
objective function subjectto the modelequationsbeing satisfied. Due to the nonlinearnatureof thesemodels,the

resultingformulationis noncorvex in nature. The approacheso solve this problempresentedofarin theliterature,
althoughcomputationallyefficient, only offer corvergenceto a local solutionof a modelwhich may containmultiple

minima. In this papera global optimizationapproactbasedon a branch-and-bounttameawork will be presentedo

solve the errorin-variablesformulation. Variousestimationproblemswere solved andwill be presentedo illustrate
thetheoreticalindcomputationahspect®f the proposednethod.

Intr oduction

Mathematicaimodelswhich accuratelypredictphys-
ical phenomenare essentiain the design,control and
optimization of chemicalprocesses.Thesemodelsof-
ten containadjustableparametersvhich needto be de-
terminedfrom theavailableexperimentatata.Dueto the
compleity of mary processesnostmodelsusedarenon-
linearin naturewhichaddgsto analreadydifficult problem.

Many statisticalmethodsexist for the estimationof
theparameteri bothlinearandnonlinearmodels(Bard,
1974). One particularapproachknown asthe errorin-
variablesformulationhasbeenextensiely studiedin the
literature. This formulationis derived usingthe principle
of maximumlik elihoodthroughthe assumptiorthat the
errorin all variablescanbe describedy a normaldistri-
butionwith zeromeanandknow diagonalkovariancema-
trix. Two major difficultiesarisein addressinghis prob-
lem. First, sinceerroris accountedor in all variablesthe
optimizationis performednot only over the parameters,
but alsoover a fitted setof datavariables.Secondlyand
moreimportantly dueto the nonlineamatureof themod-
els, theresultingoptimizationproblemis noncorvex and
may containmary local minimain the areaof interest.

Differentmethodshave beenproposedo addresshe
solution of this formulation. Bard and Lapidus (1968)
provided a descriptionof the earlywork in the areaasit
relatesto the estimationof kinetic parameterin complec
reactionnetworks. Southwell(1969) presented method
basedon a gradientapproachto solve modelswith two
variablesandminimally nonlinear SchwetlickandTiller
(1985) extendedthis approachto include modelswhich
have more thantwo variablesand are highly nonlinear
in nature. FarissandLaw (1979) presentedn approach
which modifiesthe form of the error responseo allow
for the detectionof grosserrorsin the data. Fabriesand
Renon(1975) developeda methodspecificallyfor ther
modynamianodelsusinga Gauss-N@tonapproachAn-
dersoretal. (1978)alsoprovidedanapproacHor thermo-
dynamicmodels but usingtwo equationgo fully describe
the systemandobtainingthe solutionby a successie lin-
earizationrmethod.

Othermethodspresentedhttemptin someway to re-

1Authorto whomall correspondencshouldbeaddressed

duce the domain over which the minimization is per
formed. Patino-LealandReilly (1982)accomplishedhis
by splittingthefull problemintoinnerandouteroptimiza-
tion sub-problems.The outerproblemcalculatesvalues
for the parametewraluesusinggivenvaluesfor the fitted
datavariableswhile theinnerproblemdetermineshefit-
ted datavariablesfrom given valuesof the parameters.
Valko andVajda(1987)presentech similar approachus-
ing linearizedequationdo calculatedhe fitted datavari-
ablesin the inner problem. Rod and Hancil (1980) pre-
senteda methodin which full optimizationproblemsare
solve at bothlevels. Dovi andPaladino(1989)presented
aslightly differentapproactwhich usesconstrainedari-
ation to write the changein the fitted datavariablesas
a functionsof the changein the parameters.Therefore
theoptimizationneednow only beperformedn thespace
of the parametewrariables. Tjoa andBiegler (1992)pre-
senteda similar approachbasedon successie quadratic
programmingn which the optimality conditionsin terms
of the fitted datavariablesare solved analyticallyandin-
cludedin eachquadraticsubproblem.

Reviews andcomparison®f thevariousmethodsare
givenby Ricker (1984); Staevart et al. (1992);Kim etal.
(2990).

All theaforementionedpproachesnly offer corver
genceo alocal solutionof aformulationwhichmayhave
multiple minima. Thereis currently no methodwhich
guaranteesornvergenceto the global minimum and ex-
ploits the structureof the mathematicaformulation. In
this work, a deterministicglobal optimizationalgorithm
basedon a branchand boundframework is proposedo
addressheerrorin-variabledormulation.

Err or-In-Variables Estimation

Themodeltakestheform of animplicit algebraicsys-
temof equations.

£(6,z) = 0 1)

whered is avectorof p unknovn parameters is avector
of n experimentallymeasuredariablesandf represents
thesystemof [ algebraicequations.

All experimentallymeasuredariablesareaffectedto
someextentby error Themeasurementrerelatedto the



truevaluesthrough:
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wherez,, is thevectorof “true” valuesof the experimen-
tally measurediariablesz,,, atthe y datapoint, ande,,

is the vector of additive error. Throughthe principle of

maximumlik elihoodestimatiortheerrorin-variabledor-

mulationis derived usingthe following assumptionsi)

the error canbe describedoy a normaldistribution with

zeromeanandknown covarianceji) theerrorin eachex-

perimentis independentandiii) the covariancematrix is

diagonalandequalin eachexperiment.For afull deriva-
tion seeBard (1974); Espositoand Floudas(1997). The
approachresultsin thefollowing optimizationproblem:

Z, =2, +e, p=1...m

(Bui — Zw')z
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s.t.

£(z,,0) =0 p=1...m

whereo; is the standarddeviation of variable: in each
experimentandz,, arereferredto asthefitted datavari-
ables. This formulation hasthe following mathematical
properties:

1. Theobjectivefunctionis corvex.

2. Sincethe modelequationsenterinto the formula-
tion asequalityconstraintsnonlineamodelsresult
in noncorvex optimizationproblems.

. Sincetheminimizationis notonly overthe parame-
ters,but alsooverthefitted datavariablesz,,, even
linearmodelssuchasy az + barenonlinear
dueto thebilinearterma z.

. A groupof constraintscorrespondingo the model
equations,are written for eachdata point, u
1...m. Thisresultsin thefitted datavariablesz,,,
appearingn one set of the constraintswhile the
parameterd], appeain everyset.

5. An unconstrainedormulationis sometime$ossi-
ble throughsubstitutiorof themodelequationsnto
theobjective function.

Thesepropertiesform the basisfor the developmentof
a global optimization approachto solve the errorin-
variablesormulation.

Global Optimization Approach

In orderto solve (3) to globaloptimality, arecentlyde-
velopeddeterministicoranchandboundalgorithm,aBB
(Androulakisetal., 1995;Adjimanetal., 1996,1997a,b),
wasextensiely modified.Firstthebasicideasof theaBB
algorithmwill bepresentedsapplicableto moregeneral
problems. Thenthe applicationof this approachto the
errorin-variabledormulationwill bediscussed.

Basicldeasof the «BB

TheaBB globaloptimizationmethodguaranteeson-
vergenceto the globalminimumfor generatwice contin-

uously differentiableconstrainedNLPs. This is accom-
plishedthroughthe generationof a non-decreasinge-
guencef lowerandanon-increasingequencef updated
upperboundsontheglobalsolution.Finite e-corvergence
to the global minimum is achieved throughthe succes-
sive subdvision of the region at eachlevel in the branch
and boundtree. The sequencef upperboundson the
globalsolutionis obtainedby solving,to local optimality,
thefull noncowex problemfrom differentstartingpoints.
Thelowerboundsaregeneratedby solvingavalid corvex
relaxationof theoriginal problem.

Thecorvex relaxationor underestimatois generated
by replacingeachnoncoivex termin the objective func-
tion andthe constraintdy its corvex ervelope.Thereex-
ist differentmethodsof generatinghis corvex ervelope
dependingpn thetype of terminvolved. For a univariate
concaeterm, f(z), thetightestcorvex relaxation,L(x),
is alinearizationfrom z* to zV.

f@@¥) — f(=")
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Linearunderestimatorfor bilineartermsarebasecnthe
work of Al-Khayyal andFalk (1983);Al-Khayyal (1990);
McCormick (1976). In this case,eachbilinear term zy
is replacedoy anauxiliary variable,w, andthefollowing
four linear inequality constraintsare addedMaranasand

Floudag1995).

gy +ylz -2yt —w < 0
'y + ylex — 2yt —w < 0
-ty —ylz + 2%y +w < 0 )
—zly — gtz + 2yt +w < 0

This relaxationcaneasilybe extendedo trilinear and
fractionaltermsaswell asgeneralproductsof univariate
functions(MaranasaandFloudas,1995). Termsof general
noncorvex naturearerelaxed usingan a underestimator
developedby Maranasand Floudas(1994b). For a given
noncorvex termin severalvariablesV C(x), theunderes-
timator £(x) would be

L(x) = NC(x) + a > (&f — ) (=} — i) (6)

whereX’ is thesetof x variablesparticipatingin theterm
NC(x). Thevalueof a needgo belargeenoughto gen-
eratea corvex function, but nottoo large asto overly un-
derestimate¢hefunction. It is shovn that

a >

1

Lo {o, ~ 1 min M(x)} ™)

where)\; (x) arethe eigervaluesof the Hessiammatrix of

NC(x). It is preferableto derive an analyticalexpres-
sion for the value of a using (7) as an equality This

will provide the tightestpossiblecorvex underestimation
of NC(x). In caseswherethis is not possible,several

methodshave beendevelopedwhich provide valid lower

boundontheeigervaluesof theHessiarmatrix (Adjiman

andFloudas,1996;Adjimanetal.,1997a,b).



In formulation (3) the objective function is corvex,
and thereforedoesnot needto be underestimated.The
equalityconstraintshowever, areby definitionnonlinear
andthereforenoncorvex. Sincethe nonlinearmodelsare
generaln nature thereis no specificmathematicastruc-
turewhich canbeidentified. The relaxationwill needto
bederivedfor eachtype of modelstudied.

Modified aBB for Err or-in-Variables

Thereare three areaswhich have a major effect on
the convergencerate of this global optimization algo-
rithm. Theseare: (i) the problemformulation, (ii) the
initial boundson the variables,and (iii) the selectionof
thebranchingvariables Eachof thesethreeareasvasex-
tensvely studiedso asto develop an efficient algorithm
tailored specificallyto the parameteestimationof non-
linearalgebraianodels.

Problem Formulation: The problemformulationhasa
muchgreatereffect on the performanceof the algorithm
thenonewould first think. The corvergencedependon
thegeneratiorof tight underestimatorgndthetighterthe
underestimatiorthefasterthecorvergence Theformsof
thenoncorvexitiespresentontritutegreatlyto theability
to generateight lowerboundingproblems Variousmeth-
ods are emplogyed to producesimpler noncorvex terms
thanthoseoriginally presenin themodelequationssuch
asthe useof substitutionvariablesandvariabletransfor
mations. The exampleswill showv just how much of a
effecttheformulationcanhave onthe performancef the
approach.

Variable bounds: Theinitial variableboundseffect the
convergencefor the samereasonsas the problem for-
mulation. Tighter initial boundson the variablesre-
sultsin tighter underestimatiorand fastercorvergence.
The errorin-variablesformulation containstwo distinct
classe®of variablesthefitted datasetvariables(z,,), and
the parametewariables(d). Eachwill be treatedsepa-
rately

Valid boundson thefitted datavariablescanbefound
from statistical considerationsput for most problems
theseboundsarenottight enoughandcorvergencas slow
atbest.An iterative methodis employedwhich generates
tight variablebounds but still reasonablynsuresthe the
globalsolutionfor thefull statisticalregionis found. The
methodinvolves the determinationof an initial interior
local solution, global optimization using those bounds,
boundexpansionsandsubsequerglobaloptimizationso
insurethe determinatenf the true globalminimumin the
full statisticallypossibleregion.

Boundson the parametevaluesareobtainedn a dif-
ferentmanner A seriousof minimizationsandmaximiza-
tionsaresolvedto determinehe feasibleregion for each
of the parametevariables.

miin/rniax 0;
0;,*/0;,* — subject to AL( 0,z 2 AU (8)
z, < z, Uu
oF < 9 9

where £(6,%,) is the corvex underestimatiorof the

modelequations.Sincetheseproblemsaresolvedin se-
quencey 1...p, wherep is the total numberof pa-
rametersthosevariableboundssolvedfor first arenot as
tight asthosesolved last. Thereforethe seriesis solved
repeatedlyntil little improvements seen.

Branching Method: Sincethe parametewariablesap-
pearin eachsetof constraintsbranchingontheminitially
and then on the fitted datavariables,appeardo be the
mostlogical approach.The methodwhich producesghis
desirecsequenctoksatthesumof thedeviationscaused
by eachvariablein all the noncorvex termsof the prob-
lem. In generalthis deviation, for eachnoncorvex term
andfor eachvariable,is definedas:

6;% — Fk(xsol) _ ,Ck(XSOI) (9)

where F}, is a function in which the ith variablepartici-
patesin, x*°! is the valueof the vectorx at the solution
to thelower boundingproblem,C (x*°!) is theunderesti-
matingfunction. Detaileddescriptionof theformsresult-
ing from the differenttypesof termscanbefoundin Es-
positoandFloudas(1997). Thesedeviationsaresummed
for eachvariableandthenweightedby thenumberof con-
stantghatvariableparticipatesn. Thebranchingvariable
index i* is selectedy:

*

T = argmax{
K3

> o

k € F;

} ncon;; (10)

where F; is the setof termswhich the ith variable par
ticipatesin, andncon; is thenumberof constraintsn the
original problemin which theith variableappears.

Theseconceptswere implementedin the following
proposedapproach.

Stepl Initialization

1. Settherelativee™! ortheabsolute:*** corvergence

tolerancefor aBB.

. Settheouteriterationcounteriter®*t = 1

N

3. Set initial bounds on the parametervariables,
[91-omi9 . guerig], from physicalsignificant,prior
knowledge.

N

. For fitted datavariables,z,, which participatein
noncoivex terms setthebounds]z, —o : z, + 0],
whereo is the vector of standarddeviations, and
z, is the obsered valuesof the data variables.
Variablesotparticipatingn noncomwex termshave
thereboundssetat: [z, — 30 : z, + 30].

Step 2 Determineinitial boundson the dataset vari-
ables,z,. Thisis accomplishedy solvingthe full non-
cornvex problemlocally. Threecasesreidentified:

e The problem is infeasible - Expand the upper
and lower boundson all the variablesby a given
amountg, andresole.

e Feasible, but does not have an interior solution -
Expandthe active boundsby § andresol\e.



e Hasaninterior Solution - Stopsolvingthe problem
locally.

Step 3 Tightenthe boundson the parametewariables
by usingthefollowing method.

1. Solwe(8) for eachparametevariable.

2. Calculate the total amount the bounds have
changed.

wherethe superscripbld refersto the boundsde-
terminedat the previous iteration,and new refers
to thosedeterminedn thisiteration.

new,u _ pnew,l
ei 02

P
Ap 1 -
i:z:l ( eiold,u _ Hiold,l

. If Agp < 0.10 thenterminateandstartthe «BB
solution.Otherwisereturnto 2.

Step4 Solve theproblemto globaloptimality usingthe
aBB algorithm.

1. Initialize theiterationcounteriter®®® = 1.

2. Solwethefull noncorvex problemlocally to gener
ateanupperbound(UB) ontheglobalsolutionand

storethevariablevalues.

. Solvethefull corvex relaxationlocally to generate
a lower bound(LB) on the global solution. Store
the objective value and valuesof all variablesand
thea’'s.

. UB — LB < € or LB LB < ¢l then
terminatethe BB solution.

. If desiredupdatethe boundson selectedvariables
by solvingmin/maxproblemssimilar to (8) but not
limited to the setof parametevariables.

. Selectthevariableto branchthedomainon.

. Divide the region by bisectingalong the selected
branchingvariable.

. If desiredupdatethe boundson selectedvariables
in new eachregion.

. Solvetheupperandlowerboundingproblemdo lo-
caloptimalityin eachnewly createdegion. Update
theupperboundif alocalsolutionin oneof thenew
regionsis lessthanthe currentupperbound. Store
thesolutiongto thelowerproblemshatarelessthan
thecurrentupperbound.

10. Selectthe region with the lowestlower bounding
solutionasthe new lower bound. Remore this re-

gionfrom thelist of storedregions.

Incrementheiterationcounteriter®®B, andreturn
to 4.

11.

Step5 Checkfor globalconvergence.

If this is the first outeriteration, or the global solution
haschangedrom thelastouteriteration,thenexpandthe
fitted datavariables, z,,, boundsby 10%, resetthe pa-
rameteiboundgo theoriginal valuesjncrementhe outer
iterationcounter iter°“t¢” andreturnto step2. Other
wiseterminate.

Tight Bounds on z variables

Loose bounds on Parameters

'

-

-

Expand active z
variable bounds

[ Perform a Local Optimization

Interior Solution ?

‘ Perform Variable Bounds

Updates on the Parameters

Bounds Changed by
<10% ?

[Perform a Global Optimization]

Global Solution

Reset Parameter
bounds
Changed ?

Expand all z
bounds 10%

Figurel: Algorithmic Flowsheet

This algorithmhasbeenimplementedn a C program
asanextensionto theoriginalaBB. ThepackageMINOS
5.4 (MurtaghandSaunders]1988)is usedto performthe
neededocal optimization.

Computational Studies

In orderto illustratethetheoreticabndcomputational
aspectof the proposedapproachthree examplesprob-
lemsfrom variousliterature sourceswill be considered.
Extensve analytical and computationalstudiesare re-
portedin EspositcandFloudag1997).All problemsvere
solvedon a Hewlett PackardC160.

Example 1: Polynomial Fit

This exampleis takenfrom Tjoa andBiegler (1992).
Themodeltakestheform of athird orderpolynomial.

29 = 01 +60221 + 932’% + 042:% (12)
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Figure2: DataandFitted Modelfor Examplel

This model resultsin a numberof generalnoncomwex
terms.In orderto simplify thesetermsthefollowing sub-
stitutionsareintroduced:b; = 2?2 andb, = 2. Theerror
associatedvith eachvariableis givenasequal. There-
sultingproblemformulationis:

(12)

_2%2 + 6, + 6, 2“,1 +

03 bﬂ,l + 84 blh? = 0
—by1 + 2271 < 0
bu1 — 2?2’1 < 0
—bu2 + 2, < 0
by — 22,1 < 0

This formulationresultsin two very closelocal solutions.

obf [ 6 | 6 [ 6 | 6
0.48515| 6.015| -0.9998| 0.1525]| -0.0132
0.48866| 5.963| -0.9521| 0.1404| -0.0124

The generatiorof the corvex relaxationinvolvesun-
derestimatinghe bilineartermsby the addedconstraints
givenin (5). In addition,theterm —Z; ; is treatedasa
univariateconcare term, andthe terms+ 23, | aretreated
as generalnoncowex termswith analyticalvaluesof «
calculated.

Two differentapproacheto the generatiorof bounds
on the fitted datavariableswereused. In both casesthe
boundson 2, » wereheldfixedatz,» 4 0.35, sincethis
variableonly appearsn linear and corvex terms. Also
branchingis performedonly on the parametergs . .. 04,
andboundsupdatingat eachiterationbeforebranchings
performedontwo variablesandomlychoserfrom theset
{02...04,2,1}.

Thefirst approactusesfixed boundson the variables
Z,1. It is shavn that even for fairly tight bounds,the
algorithm doesnot corverge in 1000 iterations. As a
secondapproach the full proposedalgorithmwas used
with the following parametersinitial boundson z,, ; of
zy,1 £ 0.08andd; = 0.01. Thealgorithmcorvergedto
theglobalsolution:obj=0.485152¢ =[6.0153,-0.9998,
0.15247,-0.01324],in a total of 604 aBB iterationsand
465.4CPUsec.in 2 outeriterations.

BoundsonZ,, [ lters.| € | CPUsec.
Zu,1 £ 0.2 1000 | 4.3% 937.0
Z,1 ® 016 | 1000| 1.9% | 8721

Present Method | 604 | 1.00% 465.4

If the sequenceof parameterboundsproblemsis
solvedonly once,asopposedo theiteratve methodpre-
sented beforeeachaBB optimization,thenthe full so-
lution would requirea total of 713 iterationsand 527.6
CPUsec(anapproximatel5%increasen computational
effort).

Example 2: Non-Linear Fit

This exampleappearsn Rod andHancil (1980)and
Tjoa and Biegler (1992). The model equationtakesthe
form of:

1

0, + 7’21 — 4,

13)
A datasetsof 25 pointswas generatedor this problem
usingvaluesof #; = 2.00andd, = 6.00. Randomerrors
from auniform distribution [-0.025,0.025]wereaddedo
bothz; andzs,.
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Figure3: DataandFitted Modelfor Example2

Thisexampleillustrateswell theeffectof problemfor-
mulationon the performancef the algorithmsincethree
differentformulationscanbe generatedThe first formu-
lation simply hasthemodelequatiorasa constrainin the
optimizationandwill bereferredto asthe a formulation.

m 2

. o 2
min Y D 7 (i — i) (14)
R Rt

s. t.

s 1

_ZN,Q + 01 + m S 0

Zp,2 — 0 — Zo1 - 02 < 0

If therelationshipz}; < 6% holds(asit doesgiventhe
datasetsgenerated)then the secondconstraintis con-
vex. Thetermin thefirst constraints treatedasa general
noncorvex termwith analyticalvaluesof « calculated A

secondconstrainedormulationis possiblein which all

thenoncowexitiestake theform of bilinearterms.



to poor underestimatorand poor corvergence. The bi-

m 2 linearformulationcontainsvery simplenoncomwex terms
Z Z Bi = Zd) (15) andtheunderestlmatyorep_resent!he(_:on/ex hull of each
" " term, but in generatingthis formulation the numberof
variablesin thosetermswas doubled comparedto the
o R ) a formulation. This resultedin twice asmary variables
“Eut Eup + 2up 02 4 20000 — 010, =1 needingo bebranchedn to achieve corvergence These
resultsshowv thatnot only the form of the noncorvexities
mattersput thenumberof variablegarticipatingn them.

p=1 i=1

Finally anunconstraineébrmulationcanbegenerated
by substitutinghe modelequatiordirectly into the objec-

tive function: Example 3: Pharmacokinetic Data
The modelequationtakesthe form of a sumof three
& 1 2 exponentiafunctions:
min Y (71— £1)" + (61 + 37— = 22
zu,lauzl Zul -6 3
(16) Zo = Z 61,5 exp[—02,; #1] (18)

Expanding(16) andgroupingthetermsresultsin: =

wherein this casez; is assumedo be without error and

m . .
min — Z 22,261 +2 241 Bp1 o9 IS proportionako zs.
2;1,1 9 ) ’ ’
+Zzuz+zu1+zu1+9 +W’ 08
+Z 22;122,;2 0.7 Z/\
17) e /
In formulation (17) only the lasttermis noncowex and 05

treatedasa term of generalstructure. An analyticalex-
pressionfor a wasdeterminedbut dueto the comple-
ity of this term, it was not possibleto determinewhere 03
the maximumvalue occursaprior. Therefore within the

> 0.4

0.2

L N S N

aBB, avalid boundon the valueis determinedusingin- T~

tenal arithmetic (Adjiman and Floudas,1996; Adjiman 01 B —
etal., 1997a,b). The following table providesthe statis- .

tics for eachformulation (U refersto the upperproblem 0 20 40 60 80 100 120

X

andL thelower). Figure4: DataandFitted modelfor Example3

Alpha Bilinear || Unconst. . . .
UJL| UL UL This problemhasmary different possibleformula-

tions. For example,the simple inclusion of the model

Total Vars. 52| 52| 52| 128 | 27 | 27 equatiorasa constraint:
NC Vars. 26| - || 52| - 27| -
NC Terms 25| - 76| - 25| -
TotalConsts. || 50 | 50 || 25| 329 || - - ' 8 (Bus — 2 2)2
LinearConsts.|| 0 | 0 || 0 | 329 - | - min R (19)
Zp,2 Pt ZHa2
In eachattemptedsolution, boundson the variables s. t.
weresetat: 6;: [1:10], 6>: [1:10]andZ, ; : z,,; + 0.05.
Boundsontheparametersvereinitially updatedisingthe 201,j exp (=62, 2u1] — Zu2 <0
iterative methodof step3 in the proposedapproachput j=1
boundsonthe datasetvariablesvereheld constant. 3
Form [ lters.| €™ | CPUsec.]| sec./iter ;01’1 X [=02j 2] + Zu2 < 0
Alpha 21 1% 11.2 0.54
Bilinear | 1000 | 4.65% 540.2 0.54 The exponentialtermsin the constraintsare treatedas
Unconst.| 1000 | >100% | 282.8 0.28 generalnoncoivex termswith analytically calculateda

values. Using boundson the parametersariablesf; of

The o formulationcorvergedto a global solutionof [-10:10] and 8, of [0:0.5], the formulation appearsto
6, = 2.068, 8, = 4.511 with an objective value of exhibit at leasttwo local solutions(determinedby us-
4.65 x 10~3 quickly, while boththe bilinearanduncon- ing a local solver from multiple startingpoints: (1) Obj
strainedormulationsdid notachieve corvergencén 1000 = 1.14 x 1073, 6; ; = [ 0.35542.007 -4.572], 6> ; =
iterations. The unconstrainegroblemwasthe easiesto  [0.014910.11020.2847];(2) Obj = 7.86 x 1072,6; ; =
solve locally, asillustratedthroughthetime periteration, [0.51220.5122-5.051], §,; = [0.080110.019080.5].
but theincreaseadomplexity of thenoncowextermslead The global optimization approachdid not corverge in



100,000iterations,in fact the lower boundon the solu-
tion neverbecomegreatethanzero,thetheoreticalower
limit of the objective function. Anotherformulationin-
volvesthe useof substitutionvariables.The substitutions
bu; = exp[—02,; z,,1] wereintroducedandthe formu-
lation resultsin:

(B2 = 202)°
——— (20)

Zu20 u=1 zM,Q

3
Zal,j bu,j - 2#2 <0
Jj=1

3
—291,]' bu,j + 2u72 <0
Jj=1

—by,j + exp[—ba;2,1] <0

buj — exp[—0a;z,1] < 0

The positive exponentialtermsare corvex while the neg-
ative aretreatedasunivariateconcae. This formulation
is underestimatedsingthe bestpossiblerelaxationsbut
still convergenceds notachievedin 100,000terations(the
lower boundon the solutionis onceagainzero).

We canlook at the dataprovidedto getsomeinsight
into the problem. From the obsenationsit is clearthat
atleastoned, ; mustbe positive and one negative. We
thenassumehatthe othertermis alsopositive. Now that
the signsof the termsareknown, a logarithmicvariable
transformcanbeintroducedor 6, ;:

6_’1,1 = II1491,1 9_1,2 = 11191,2 §1,3 = —1n6’173

Theboundson thesetransformedrariablesareeasilycal-
culatedfrom the previous expressions.The modelequa-
tion now takestheform:

2
2o = Zexp [51’]' — 027j Zl] — exp [0_1’3 — 02,3 Z1:|
j=1
B (21)
The substitutiond,, ; = 61,; — 05,; 2,1 is introducedto
simplify theexponentialsandtheresultingformulationis:

min
2#,2 0

8 (ZA P )2
2 — 2
Z |13 . s (22)
M:l H72

s.t.

2
E ebu,j — ebu,3 — 2#:2 S 0
Jj=1

2
_E ebui 4 gbus o 2,2<0
=1

—byj+ 015 — 025241 =0

This formulation containsonly corvex (positive expo-
nentials),and univariateconcae (negative exponentials)
terms.Corvergenceo the globalsolution( Obj=1.14 x

103, with 1 x 10~* absolutecorvergence)wasobtained.

Thisshowvsthattheinformationcontainedn theobsened
valuescanbeinvaluablein determininghesolution.

Conclusions

The work presentedn this paperrepresentshe first
global optimization approachtailored to the errorin-
variablesparameteestimationproblemfor nonlinearal-
gebraicmodels. The approachis basedupon a deter
ministic branchandboundglobaloptimizationalgorithm.
Threedistinctareas:variablebounds branchingmethod,
and problemformulation, were extensvely studiedand
their effect on the performanceof the proposedalgo-
rithm wasillustratedthroughsereral computationabtud-
ies. The algorithmwas shavn to corverge with reason-
ablecomputatioreffort for problemsof varioussizeand
compleity.
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