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Abstract: Theestimationof parametersin semi-empiricalnonlinearmodelsthroughtheerror-in-variablesmethod
hasbeenwidely studiedfrom a computationalstandpoint. This methodinvolves the minimizationof a quadratic
objective function subjectto the modelequationsbeingsatisfied.Due to the nonlinearnatureof thesemodels,the
resultingformulationis nonconvex in nature.Theapproachesto solve this problempresentedsofar in theliterature,
althoughcomputationallyefficient,only offer convergenceto a local solutionof a modelwhich maycontainmultiple
minima. In this papera globaloptimizationapproachbasedon a branch-and-boundframework will bepresentedto
solve theerror-in-variablesformulation. Variousestimationproblemsweresolvedandwill bepresentedto illustrate
thetheoreticalandcomputationalaspectsof theproposedmethod.

Intr oduction
Mathematicalmodelswhich accuratelypredictphys-

ical phenomenaare essentialin the design,control and
optimizationof chemicalprocesses.Thesemodelsof-
ten containadjustableparameterswhich needto be de-
terminedfrom theavailableexperimentaldata.Dueto the
complexity of many processes,mostmodelsusedarenon-
linearin naturewhichaddstoanalreadydifficult problem.

Many statisticalmethodsexist for the estimationof
theparametersin bothlinearandnonlinearmodels(Bard,
1974). Oneparticularapproach,known as the error-in-
variablesformulationhasbeenextensively studiedin the
literature.This formulationis derivedusingtheprinciple
of maximumlikelihoodthroughthe assumptionthat the
error in all variablescanbedescribedby a normaldistri-
butionwith zeromeanandknow diagonalcovariancema-
trix. Two majordifficultiesarisein addressingthis prob-
lem. First,sinceerroris accountedfor in all variables,the
optimizationis performednot only over the parameters,
but alsoover a fitted setof datavariables.Secondly, and
moreimportantly, dueto thenonlinearnatureof themod-
els, theresultingoptimizationproblemis nonconvex and
maycontainmany localminimain theareaof interest.

Differentmethodshave beenproposedto addressthe
solution of this formulation. Bard and Lapidus(1968)
provideda descriptionof the earlywork in theareaasit
relatesto theestimationof kineticparametersin complex
reactionnetworks. Southwell(1969)presenteda method
basedon a gradientapproachto solve modelswith two
variablesandminimally nonlinear. SchwetlickandTiller
(1985)extendedthis approachto includemodelswhich
have more than two variablesand are highly nonlinear
in nature. FarissandLaw (1979)presentedan approach
which modifiesthe form of the error responseto allow
for the detectionof grosserrorsin the data. Fabriesand
Renon(1975)developeda methodspecificallyfor ther-
modynamicmodelsusingaGauss-Newtonapproach.An-
dersonetal. (1978)alsoprovidedanapproachfor thermo-
dynamicmodels,but usingtwo equationsto fully describe
thesystemandobtainingthesolutionby a successive lin-
earizationmethod.

Othermethodspresentedattemptin someway to re-

duce the domain over which the minimization is per-
formed.Patino-LealandReilly (1982)accomplishedthis
bysplittingthefull probleminto innerandouteroptimiza-
tion sub-problems.The outerproblemcalculatesvalues
for theparametervaluesusinggivenvaluesfor thefitted
datavariables,while theinnerproblemdeterminesthefit-
ted datavariablesfrom given valuesof the parameters.
Valko andVajda(1987)presenteda similar approachus-
ing linearizedequationsto calculatedthefitted datavari-
ablesin the inner problem. Rod andHancil (1980)pre-
senteda methodin which full optimizationproblemsare
solve at both levels. Dovi andPaladino(1989)presented
a slightly differentapproachwhich usesconstrainedvari-
ation to write the changein the fitted datavariablesas
a functionsof the changein the parameters.Therefore
theoptimizationneednow only beperformedin thespace
of theparametervariables.Tjoa andBiegler (1992)pre-
senteda similar approachbasedon successive quadratic
programmingin which theoptimalityconditionsin terms
of thefitted datavariablesaresolvedanalyticallyandin-
cludedin eachquadraticsubproblem.

Reviews andcomparisonsof thevariousmethodsare
givenby Ricker (1984);Stewart et al. (1992);Kim et al.
(1990).

All theaforementionedapproachesonly offer conver-
genceto alocalsolutionof aformulationwhichmayhave
multiple minima. There is currently no methodwhich
guaranteesconvergenceto the global minimum and ex-
ploits the structureof the mathematicalformulation. In
this work, a deterministicglobal optimizationalgorithm
basedon a branchandboundframework is proposedto
addresstheerror-in-variablesformulation.

Err or-In-VariablesEstimation
Themodeltakestheform of animplicit algebraicsys-

temof equations. ���������
	���
(1)

where
�

is avectorof � unknownparameters,
�

is avector
of � experimentallymeasuredvariables,and

�
represents

thesystemof � algebraicequations.
All experimentallymeasuredvariablesareaffectedto

someextentby error. Themeasurementsarerelatedto the
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where
�� �

is thevectorof “true” valuesof theexperimen-
tally measuredvariables,

�$�
, at the

�
datapoint, and

�%�
is the vectorof additive error. Throughthe principle of
maximumlikelihoodestimationtheerror-in-variablesfor-
mulation is derived using the following assumptions:i)
the error canbe describedby a normaldistribution with
zeromeanandknown covariance,ii) theerrorin eachex-
perimentis independent,andiii) thecovariancematrix is
diagonalandequalin eachexperiment.For a full deriva-
tion seeBard (1974);EspositoandFloudas(1997). The
approachresultsin thefollowing optimizationproblem:&('*)+,.-0/ 12�4365 72 8 365 � �9 �%: 8<; 9 �%: 8 	>=? =8 (3)@ � A � �%� ��
�B�C�
	D�E ���F�G�!�!�>"
where ? 8 is the standarddeviation of variable H in each
experiment,and

��
�
arereferredto asthefitted datavari-

ables. This formulationhasthe following mathematical
properties:

1. Theobjectivefunctionis convex.

2. Sincethe modelequationsenterinto the formula-
tion asequalityconstraints,nonlinearmodelsresult
in nonconvex optimizationproblems.

3. Sincetheminimizationis notonly overtheparame-
ters,but alsoover thefitteddatavariables,

�� �
, even

linearmodelssuchas I ��JLKM�ON
arenonlinear

dueto thebilinearterm
JLK

.

4. A groupof constraints,correspondingto themodel
equations,are written for eachdata point,

�P��G�!�!�>"
. This resultsin thefitteddatavariables,

�� �
,

appearingin one set of the constraints,while the
parameters,

�
, appearin everyset.

5. An unconstrainedformulationis sometimespossi-
blethroughsubstitutionof themodelequationsinto
theobjective function.

Thesepropertiesform the basisfor the developmentof
a global optimization approachto solve the error-in-
variablesformulation.

Global Optimization Approach
In ordertosolve(3) toglobaloptimality, arecentlyde-

velopeddeterministicbranchandboundalgorithm, Q BB
(Androulakisetal., 1995;Adjimanetal., 1996,1997a,b),
wasextensivelymodified.Firstthebasicideasof the Q BB
algorithmwill bepresentedasapplicableto moregeneral
problems. Then the applicationof this approachto the
error-in-variablesformulationwill bediscussed.

BasicIdeasof the R BB
The Q BB globaloptimizationmethodguaranteescon-

vergenceto theglobalminimumfor generaltwicecontin-

uouslydifferentiableconstrainedNLPs. This is accom-
plished through the generationof a non-decreasingse-
quenceof lowerandanon-increasingsequenceof updated
upperboundsontheglobalsolution.Finite S -convergence
to the global minimum is achieved throughthe succes-
sive subdivision of theregion at eachlevel in thebranch
and boundtree. The sequenceof upperboundson the
globalsolutionis obtainedby solving,to localoptimality,
thefull nonconvex problemfrom differentstartingpoints.
Thelowerboundsaregeneratedby solvingavalid convex
relaxationof theoriginalproblem.

Theconvex relaxation,or underestimator, is generated
by replacingeachnonconvex term in theobjective func-
tion andtheconstraintsby its convex envelope.Thereex-
ist differentmethodsof generatingthis convex envelope
dependingon thetypeof terminvolved. For a univariate
concave term, T �UKV	 , thetightestconvex relaxation,W ��KX	

,
is a linearizationfrom

KVY
to

KXZ
.W �UKV	�� T �UK Y 	[� T �UKXZ\	 ; T �UK]Y^	K Z ; K Y ��K ; K Y 	

(4)

Linearunderestimatorsfor bilineartermsarebasedonthe
work of Al-Khayyal andFalk (1983);Al-Khayyal (1990);
McCormick (1976). In this case,eachbilinear term

K I
is replacedby anauxiliaryvariable,_ , andthefollowing
four linear inequalityconstraintsareaddedMaranasand
Floudas(1995).K�` I � I `aK ; K]` I ` ; _ b cK]d I � I d
K ; K]d I d ; _ b c; K]d I ; I `aKe�fK]d I `g� _ b c; K�` I ; I d$Ke�fK�` I dD� _ b c (5)

This relaxationcaneasilybeextendedto trilinearand
fractionaltermsaswell asgeneralproductsof univariate
functions(MaranasandFloudas,1995).Termsof general
nonconvex naturearerelaxedusingan Q underestimator
developedby MaranasandFloudas(1994b).For a given
nonconvex termin severalvariableshDi ��j0	

, theunderes-
timator W �Uj0	

wouldbeW ��j0	k� hDi �Uj0	[� Q 28mlon ��K Z8 ; K 8 	g�UK Y8 ; K 8 	
(6)

wherep is thesetof
j

variablesparticipatingin thetermhDi �Uj0	
. Thevalueof Q needsto belargeenoughto gen-

eratea convex function,but not too largeasto overly un-
derestimatethefunction.It is shown thatQ�q &sr4tu$vxw(uyw(u
z { c � ; �| &('*)}�~ } �Uj0	�� (7)

where ~ } ��j0	 aretheeigenvaluesof theHessianmatrixofhDi �Uj0	
. It is preferableto derive an analyticalexpres-

sion for the value of Q using (7) as an equality. This
will provide thetightestpossibleconvex underestimation
of hDi �Uj0	

. In caseswherethis is not possible,several
methodshave beendevelopedwhich provide valid lower
boundsontheeigenvaluesof theHessianmatrix(Adjiman
andFloudas,1996;Adjimanetal., 1997a,b).



In formulation (3) the objective function is convex,
and thereforedoesnot needto be underestimated.The
equalityconstraints,however, areby definitionnonlinear
andthereforenonconvex. Sincethenonlinearmodelsare
generalin nature,thereis no specificmathematicalstruc-
turewhich canbe identified. Therelaxationwill needto
bederivedfor eachtypeof modelstudied.

Modified R BB for Err or-in-Variables
Thereare threeareaswhich have a major effect on

the convergencerate of this global optimization algo-
rithm. Theseare: (i) the problemformulation, (ii) the
initial boundson the variables,and(iii) the selectionof
thebranchingvariables.Eachof thesethreeareaswasex-
tensively studiedso asto develop an efficient algorithm
tailoredspecificallyto the parameterestimationof non-
linearalgebraicmodels.

Problem Formulation: The problemformulationhasa
muchgreatereffect on theperformanceof the algorithm
thenonewould first think. Theconvergencedependson
thegenerationof tight underestimators,andthetighterthe
underestimation,thefastertheconvergence.Theformsof
thenonconvexitiespresentcontributegreatlyto theability
to generatetight lowerboundingproblems.Variousmeth-
ods are employed to producesimpler nonconvex terms
thanthoseoriginally presentin themodelequations,such
astheuseof substitutionvariablesandvariabletransfor-
mations. The exampleswill show just how much of a
effect theformulationcanhaveon theperformanceof the
approach.

Variable bounds: The initial variableboundseffect the
convergencefor the samereasonsas the problem for-
mulation. Tighter initial boundson the variablesre-
sults in tighter underestimationand fasterconvergence.
The error-in-variablesformulation containstwo distinct
classesof variables,thefitted datasetvariables(

�� �
), and

the parametervariables(
�
). Eachwill be treatedsepa-

rately.
Valid boundson thefitteddatavariablescanbefound

from statistical considerations,but for most problems
theseboundsarenottightenoughandconvergenceis slow
atbest.An iterativemethodis employedwhichgenerates
tight variablebounds,but still reasonablyinsuresthe the
globalsolutionfor thefull statisticalregion is found.The
methodinvolves the determinationof an initial interior
local solution, global optimizationusing thosebounds,
boundexpansionsandsubsequentglobaloptimizationsto
insurethedeterminateof thetrueglobalminimumin the
full statisticallypossibleregion.

Boundson theparametervaluesareobtainedin a dif-
ferentmanner. A seriousof minimizationsandmaximiza-
tionsaresolvedto determinethe feasibleregion for each
of theparametervariables.

� ` : ���� � d : �� ������� ����
&('�)/ +, - � &sr�t/ +, - � �@��C�m�#��� A�A�� W �U�C���� � 	 b�c��$Y� b �� � b ���Z�� Y b � b � Z (8)

where W ����� ��$�]	
is the convex underestimationof the

modelequations.Sincetheseproblemsaresolved in se-
quence,� �����!� � � , where� is the total numberof pa-
rameters,thosevariableboundssolvedfor first arenot as
tight asthosesolved last. Thereforethe seriesis solved
repeatedlyuntil little improvementis seen.

Branching Method: Sincethe parametervariablesap-
pearin eachsetof constraints,branchingontheminitially
and then on the fitted datavariables,appearsto be the
mostlogical approach.Themethodwhich producesthis
desiredsequencelooksatthesumof thedeviationscaused
by eachvariablein all the nonconvex termsof the prob-
lem. In generalthis deviation, for eachnonconvex term
andfor eachvariable,is definedas:�4�
�8 ��� } ��j0�#� ` 	 ; W } ��j0�#� ` 	 (9)

where
� } is a function in which the H th variablepartici-

patesin,
j �#� `

is the valueof the vector
j

at the solution
to thelowerboundingproblem,W } �Uj �#� `�	 is theunderesti-
matingfunction.Detaileddescriptionof theformsresult-
ing from thedifferenttypesof termscanbefoundin Es-
positoandFloudas(1997).Thesedeviationsaresummed
for eachvariableandthenweightedby thenumberof con-
stantsthatvariableparticipatesin. Thebranchingvariable
index H � is selectedby:H � � r$����&sr�t8   2} l �$¡ � �%�8f¢ �^£¥¤�� 8 (10)

where
� 8

is the setof termswhich the H th variablepar-
ticipatesin, and �^£!¤�� 8 is thenumberof constraintsin the
originalproblemin which the H th variableappears.

Theseconceptswere implementedin the following
proposedapproach.

Step1 Initialization

1. Settherelative S 1.¦ ` or theabsoluteS.§!¨ � convergence
tolerancefor Q BB.

2. SettheouteriterationcounterHª©#«�¬ � d� �®�
3. Set initial bounds on the parametervariables,

[
� ` : � 1 8°¯e± � d : � 1 8�¯

], from physicalsignificant,prior
knowledge.

4. For fitted datavariables,
��
�

, which participatein
nonconvex terms,setthebounds:[

�
� ; ? ± �$�\� ? ],
where ? is the vector of standarddeviations,and�
�

is the observed valuesof the data variables.
Variablesnotparticipatingin nonconvex termshave
thereboundssetat: [

�$� ;�² ? ± �$�x� ² ? ].

Step 2 Determineinitial boundson the dataset vari-
ables,

��$�
. This is accomplishedby solving the full non-

convex problemlocally. Threecasesareidentified:³ The problem is infeasible - Expand the upper
and lower boundson all the variablesby a given
amount,

�
, andresolve.³ Feasible, but does not have an interior solution -

Expandtheactiveboundsby
�

andresolve.



³ Has an interior Solution - Stopsolvingtheproblem
locally.

Step 3 Tighten the boundson the parametervariables
by usingthefollowing method.

1. Solve(8) for eachparametervariable.

2. Calculate the total amount the bounds have
changed.´¶µ � ·28 3B5¹¸ � ; �»º ¦½¼ : d8 ; ��º ¦#¼ : `8� � `�¾ : d8 ; � � `�¾ : `8 ¿
wherethe superscript¤4�UÀ refersto the boundsde-
terminedat the previous iteration,and �^«�_ refers
to thosedeterminedin this iteration.

3. If

´ µ b c �*� c thenterminateandstartthe Q BB
solution.Otherwisereturnto 2.

Step4 Solve theproblemto globaloptimalityusingtheQ BB algorithm.

1. Initialize theiterationcounterHª©#«�¬�Á�Â�Â �F�
.

2. Solve thefull nonconvex problemlocally to gener-
ateanupperbound(UB) on theglobalsolutionand
storethevariablevalues.

3. Solve thefull convex relaxationlocally to generate
a lower bound(LB) on the global solution. Store
the objective valueandvaluesof all variablesand
the Q ’s.

4. If ÃyÄ ;ÆÅ ÄÇbÈS §¥¨ � or
Z µkÉ Y µZ µ bÊS 1.¦ ` , then

terminatethe Q BB solution.

5. If desired,updatetheboundson selectedvariables
by solvingmin/maxproblemssimilar to (8) but not
limited to thesetof parametervariables.

6. Selectthevariableto branchthedomainon.

7. Divide the region by bisectingalong the selected
branchingvariable.

8. If desired,updatetheboundson selectedvariables
in new eachregion.

9. Solvetheupperandlowerboundingproblemsto lo-
caloptimalityin eachnewly createdregion. Update
theupperboundif alocalsolutionin oneof thenew
regionsis lessthanthecurrentupperbound.Store
thesolutionsto thelowerproblemsthatarelessthan
thecurrentupperbound.

10. Selectthe region with the lowest lower bounding
solutionasthenew lower bound. Remove this re-
gion from thelist of storedregions.

11. Incrementtheiterationcounter, Hª©#«�¬�Á�ÂCÂ , andreturn
to 4.

Step5 Checkfor globalconvergence.
If this is the first outer iteration, or the global solution
haschangedfrom thelastouteriteration,thenexpandthe
fitted datavariable’s,

��
�
, boundsby 10%, resetthe pa-

rameterboundsto theoriginalvalues,incrementtheouter
iterationcounter, Hª©#«�¬ � d� ¦½1 , andreturnto step2. Other-
wiseterminate.
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Figure1: Algorithmic Flowsheet

Thisalgorithmhasbeenimplementedin a C program
asanextensionto theoriginal Q BB. ThepackageMINOS
5.4 (MurtaghandSaunders,1988)is usedto performthe
neededlocal optimization.

Computational Studies

In orderto illustratethetheoreticalandcomputational
aspectsof the proposedapproach,threeexamplesprob-
lemsfrom variousliteraturesourceswill be considered.
Extensive analytical and computationalstudiesare re-
portedin EspositoandFloudas(1997).All problemswere
solvedonaHewlett PackardC160.

Example1: Polynomial Fit

This exampleis taken from Tjoa andBiegler (1992).
Themodeltakestheform of a third orderpolynomial.9 = ��� 5 � � = 9 5 � ��� 9 =5 � ��� 9 �5 (11)
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Figure2: DataandFittedModel for Example1

This model results in a numberof generalnonconvex
terms.In orderto simplify thesetermsthefollowing sub-
stitutionsareintroduced:

N!5 � 9 =5 and
N = � 9 �5 . Theerror

associatedwith eachvariableis given asequal. The re-
sultingproblemformulationis:&('*)+, - / 5	�2�4365 =2 8 365 � 9 �%: 8û; �9 �%: 8 	>= (12)@ ��A�� ; �9 �%: = � �$5k� � = �9 �%: 5G�� � NÖ�%: 5 � � � NÖ�%: = � c; NÖ�%: 5 � �9 =�%: 5 b cN �%: 5 ; �9 =�%: 5 b c; NÖ�%: = � �9 ��%: 5 b cNÖ�%: = ; �9 ��%: 5 b c
This formulationresultsin two verycloselocalsolutions.

Obj
� 5 � = ��� ���

0.48515 6.015 -0.9998 0.1525 -0.0132
0.48866 5.963 -0.9521 0.1404 -0.0124

Thegenerationof theconvex relaxationinvolvesun-
derestimatingthebilinear termsby theaddedconstraints
given in (5). In addition, the term

; �9 =�%: 5 is treatedasa
univariateconcave term,andthe terms 
 �9 ��%: 5 aretreated
as generalnonconvex termswith analyticalvaluesof Q
calculated.

Two differentapproachesto thegenerationof bounds
on thefitted datavariableswereused.In bothcases,the
boundson

�9 �%: = wereheldfixedat 9 �%: = 
 c � ² � , sincethis
variableonly appearsin linear and convex terms. Also
branchingis performedonly on theparameters

� = �!� �>��� ,
andboundsupdatingateachiterationbeforebranchingis
performedontwo variablesrandomlychosenfrom theset� � = � �!�#���%� �9 �%: 5� .

Thefirst approachusesfixedboundson thevariables�9 �%: 5 . It is shown that even for fairly tight bounds,the
algorithm doesnot converge in 1000 iterations. As a
secondapproach,the full proposedalgorithm was used
with the following parameters:initial boundson

�9 �%: 5 of9 �%: 5 
 c � c�� and
� 5 � c � c � . Thealgorithmconvergedto

theglobalsolution:obj = 0.485152,
�

= [6.0153,-0.9998,
0.15247,-0.01324],in a total of 604 Q BB iterationsand
465.4CPUsec.in 2 outeriterations.

Boundson
�9 �%: 5 Iters. S 1.¦ ` CPUsec.9 �%:ª5 
 c � | 1000 4.3% 937.09 �%:ª5 
 c ����� 1000 1.9% 872.1� � ��@>� ) A�� � A��C��� � c�� 1.00% 465.4

If the sequenceof parameterbounds problems is
solvedonly once,asopposedto theiterative methodpre-
sented,beforeeach Q BB optimization,then the full so-
lution would requirea total of 713 iterationsand 527.6
CPUsec(anapproximate15%increasein computational
effort).

Example2: Non-Linear Fit
This exampleappearsin Rod andHancil (1980)and

Tjoa andBiegler (1992). The modelequationtakes the
form of: 9 = �O�$5D� �9 5 ; � = (13)

A datasetsof 25 pointswasgeneratedfor this problem
usingvaluesof

� 5
= 2.00and

� = = 6.00. Randomerrors
from auniformdistribution[-0.025,0.025]wereaddedto
both 9 5 and 9 = .
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Figure3: DataandFittedModel for Example2

Thisexampleillustrateswell theeffectof problemfor-
mulationon theperformanceof thealgorithmsincethree
differentformulationscanbegenerated.Thefirst formu-
lationsimplyhasthemodelequationasaconstraintin the
optimizationandwill bereferredto asthe Q formulation.&('�)+, - / 72�4365 =2 8 365 � �9 �%: 8^; 9 �%: 8 	 = (14)@ � A � ; �9 �%: = � � 5 � 5+� -�� � É / � b c�9 �%: = ; � 5 ; 5+� -�� � É / � b c
If therelationship

�9 d�%: 5"! ��`= holds(asit doesgiventhe
datasetsgenerated),then the secondconstraintis con-
vex. Thetermin thefirst constraintis treatedasageneral
nonconvex termwith analyticalvaluesof Q calculated.A
secondconstrainedformulation is possiblein which all
thenonconvexitiestake theform of bilinearterms.



&('�)+, - / 72�43�5 =2 8 365 � �9 �%: 8^; 9 �%: 8 	>= (15)@ ��A � ; �9 �%: 5 �9 �%: = � �9 �%: = � = � �9 �%: 5 � 5 ; � 5 � = ���
Finallyanunconstrainedformulationcanbegenerated

by substitutingthemodelequationdirectly into theobjec-
tive function:&('�)+�>-�� �%/ 72�4365 � 9 �%: 5 ; �9 �%: 5!	#=L�$#m�$5�� ��9 �%: 5 ; � = ; 9 �%: =&% =

(16)
Expanding(16)andgroupingthetermsresultsin:&¶'*)+��-�� �%/ ; 7'�4365 | 9 �%: = �$5�� | 9 �%: 5 �9 �%: 5� 7'�4365 9 =�%: = � 9 =�%: 5 � �9 =�%: 5 � � =5 � 5( +� -�� � É / � ) �� 7'�4365 = /*� É = �>-�� �+� -�� � É /+�

(17)
In formulation(17) only the last term is nonconvex and
treatedasa term of generalstructure.An analyticalex-
pressionfor Q wasdetermined,but dueto the complex-
ity of this term, it was not possibleto determinewhere
the maximumvalueoccursaprior. Therefore,within theQ BB, a valid boundon thevalueis determinedusingin-
terval arithmetic(Adjiman andFloudas,1996;Adjiman
et al., 1997a,b).The following tableprovidesthe statis-
tics for eachformulation(U refersto the upperproblem
andL thelower).

Alpha Bilinear Unconst.
U L U L U L

Total Vars. 52 52 52 128 27 27
NC Vars. 26 - 52 - 27 -
NC Terms 25 - 76 - 25 -

Total Consts. 50 50 25 329 - -
LinearConsts. 0 0 0 329 - -

In eachattemptedsolution, boundson the variables
weresetat:

�$5
: [1:10],

� = : [1:10] and
�9 �%: 8 : 9 �%: 8 
�c � c � .

Boundsontheparameterswereinitially updatedusingthe
iterative methodof step3 in the proposedapproach,but
boundson thedatasetvariableswereheldconstant.

Form Iters. S 1.¦ ` CPUsec. sec./iter.

Alpha 21 1% 11.2 0.54
Bilinear 1000 4.65% 540.2 0.54
Unconst. 1000 , 100% 282.8 0.28

The Q formulationconvergedto a global solutionof�$5 � | � c � � ,
� = � � � � �$� with an objective value of� � � �.- � c É � quickly, while both thebilinearanduncon-

strainedformulationsdidnotachieveconvergencein 1000
iterations.Theunconstrainedproblemwastheeasiestto
solve locally, asillustratedthroughthetime periteration,
but theincreasedcomplexity of thenonconvex termslead

to poor underestimatorsandpoor convergence. The bi-
linearformulationcontainsvery simplenonconvex terms
andtheunderestimationrepresentstheconvex hull of each
term, but in generatingthis formulation the numberof
variablesin thoseterms was doubledcomparedto theQ formulation. This resultedin twice asmany variables
needingto bebranchedon to achieveconvergence.These
resultsshow thatnot only theform of thenonconvexities
matters,but thenumberof variablesparticipatingin them.

Example3: PharmacokineticData
Themodelequationtakesthe form of a sumof three

exponentialfunctions:9 = � �2� 3�5 ��5Ö: � � t�/10 ; � = : � 9 5�2 (18)

wherein this case9 5 is assumedto bewithout errorand? = is proportionalto 9 = .
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Figure4: DataandFittedmodelfor Example3

This problem has many different possibleformula-
tions. For example, the simple inclusion of the model
equationasa constraint:&('�)+� -�� �m/542�4365 � �9 �%: = ; 9 �%: = 	 =9 =�%: = (19)@ �!A�� �2� 365 �$5Ö: � � t�/10 ; � = : � 9 �%: 5�2 ; �9 �%: = b c; �2� 3�5 �$5Ö: � � t�/10 ; � = : � 9 �%: 5�2x� �9 �%: = b c
The exponentialterms in the constraintsare treatedas
generalnonconvex termswith analytically calculatedQ
values. Using boundson the parametersvariables

� 5
of

[-10:10] and
� = of [0:0.5], the formulation appearsto

exhibit at least two local solutions(determinedby us-
ing a local solver from multiple startingpoints: (1) Obj
=

�$�*� � - � c É �
,
�$5Ö: � = [ 0.35542.007 -4.572],

� = : � =
[0.014910.11020.2847]; (2) Obj = 6 � � � - � c É = ,�$5.: � =
[0.5122 0.5122 -5.051],

� = : � = [0.080110.019080.5].
The global optimization approachdid not converge in



100,000iterations,in fact the lower boundon the solu-
tion neverbecomesgreaterthanzero,thetheoreticallower
limit of the objective function. Another formulationin-
volvestheuseof substitutionvariables.ThesubstitutionsNÖ�%: � � � t�/10 ; � = : � 9 �%: 5�2 wereintroducedandtheformu-
lation resultsin: &('�)+� -�� ��/742�43�5 � �9 �%: = ; 9 �%: = 	 =9 =�%: = (20)@ � A � �2� 365 �$5Ö: � NÖ�%: � ; �9 �%: = b c; �2� 365 �$5.: � NÖ�%: � � �9 �%: = bÇc; N �%: � � � t�/10 ; � = : � 9 �%: 5 2 b cN �%: � ; � t�/80 ; � = : � 9 �%: 5 2 b�c
Thepositive exponentialtermsareconvex while theneg-
ative aretreatedasunivariateconcave. This formulation
is underestimatedusingthebestpossiblerelaxations,but
still convergenceis notachievedin 100,000iterations(the
lowerboundon thesolutionis onceagainzero).

We canlook at thedataprovidedto getsomeinsight
into the problem. From the observationsit is clear that
at leastone

�$5Ö: � mustbe positive andonenegative. We
thenassumethattheothertermis alsopositive. Now that
the signsof the termsareknown, a logarithmicvariable
transformcanbeintroducedfor

�$5Ö: � :9��5Ö: 5 �;: ) �$5.: 5 9�$5Ö: = �<: ) ��5Ö: = 9�$5.: � � ; : ) �$5.: �
Theboundson thesetransformedvariablesareeasilycal-
culatedfrom thepreviousexpressions.Themodelequa-
tion now takestheform:9 = � =2� 365 � t�/>= 9�$5Ö: � ; � = : � 9 5*? ; � t�/>= 9�$5Ö: � ; � = : � 9 5�?

(21)
The substitution

N �%: � � 9� 5.: � ; � = : � 9 �%: 5 is introducedto
simplify theexponentialsandtheresultingformulationis:&('�)+�>-�� � /742�4365 � �9 �%: = ; 9 �%: = 	 =9 =�%: = (22)@ � A�� =2� 365 « ¨ -�� @ ; « ¨ -�� A ; �9 �%: = b¹c; =2� 365 « ¨ -�� @ � « ¨ -�� A � �9 �%: = b c; NÖ�%: � � 9�$5.: � ; � = : � 9 �%: 5 � c
This formulation containsonly convex (positive expo-
nentials),andunivariateconcave (negative exponentials)
terms.Convergenceto theglobalsolution( Obj =

�$�*� � -� c É � , with
� - � c É � absoluteconvergence)wasobtained.

Thisshowsthattheinformationcontainedin theobserved
valuescanbeinvaluablein determiningthesolution.

Conclusions
The work presentedin this paperrepresentsthe first

global optimization approachtailored to the error-in-
variablesparameterestimationproblemfor nonlinearal-
gebraicmodels. The approachis basedupon a deter-
ministicbranchandboundglobaloptimizationalgorithm.
Threedistinctareas:variablebounds,branchingmethod,
and problemformulation, were extensively studiedand
their effect on the performanceof the proposedalgo-
rithm wasillustratedthroughseveralcomputationalstud-
ies. The algorithmwasshown to convergewith reason-
ablecomputationeffort for problemsof varioussizeand
complexity.
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