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Differential-algebraicsystemsof constraints,in particular, initial valueordinarydifferential
equations,appearin numerousoptimizationproblemsin the chemicalengineeringfield. A
difficulty in the solutionof this formulationwhich hasnot beenthroughlyaddressed,is the
problemof multiple local minima. In this paper, a novel deterministicglobal optimization
methodusingasequentialapproachwill bepresented.

1. Introduction
The solution of optimizationproblemsinvolving differential-algebraicconstraintsarises

often in the chemicalengineeringfield. Examplesinclude the optimal control of batchand
semi-batchprocessesaswell asthe determinationof kinetic constantsfrom time seriesdata.
Difficultiesarrisefrom bothnumericalandoptimizationpointsof view.

Two differentapproachesexist for thesolutionof theDAE systemwithin theoptimization
problem. The first approach,referredto as a simultaneousmethod,involves the complete
discretizationof thedynamicsystem.Theresultingformulationis algebraicin natureandcan
be solved usingknown nonlinearprogrammingmethods.A secondapproach,referredto as
a sequentialmethod,involvesthe solutionof theDAE systemthroughan integrationroutine
at eachiterationof the local solver. Controlparameterizationis alsousedwhennecessary. In
eachcase,do to thenonconvex natureof formulation,multiple local minimaarise.

In thispaperadeterministicglobaloptimizationmethodusingthesequentialapproachwill
bepresentedfor thesolutionof dynamicoptimizationproblems.Themethodis basedon the� BB (Adjiman et al., 1998b,a),a branchandboundalgorithm for the determinationof the
globalminimumfor twice continuouslydifferentiableNLPs.
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2. Global Optimization Approach
Theproposedapproachis basedon the � BB (Adjiman et al., 1998b,a),for twice continu-

ouslydifferentiableproblems.Within this branchandboundframework, a sequenceof upper
boundson theglobalsolutionis obtainedby solvingthefull nonconvex problemto local opti-
mality from multiple startingpoints. A lower boundis determinedby solvinga valid convex
underestimationof original formulation. X -convergenceis obtainedby successive subdivision
of theoriginal region at eachlevel of thebranchandboundtree. A throughtreatmentof de-
terministicglobal optimizationmethodsandapplicationscanbe found in the recentbook by
Floudas(2000).

2.1. Convex underestimation
The key to thesuccessof theapproachis in the ability to generatea valid convex under-

estimation.Thealgebraicfunctionswithin theformulation( 8:9<; = 
>�<� and
	Y

�������

) areunderes-
timatedusingtechniquesshown by Adjiman et al. (1998b,a).To underestimatethe dynamic
part,considerthedifferential-algebraicsystemof equationsasa simpleinput-outputmap.
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Pontryagin(1962)showedthatundertheassumptionsgivenpreviously, thismapis continuous
andtwice differentiablewith respectto the parameters,

�
. Therefore,the states,� , at given

timepoints,
# = , canbewrittenastwice continuouslydifferentiablefunctions:� 
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Substituting(3) into (1) resultsin:������ ; � 	�
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Theunderestimatorof this termis generatedby addingaquadraticfunctionin
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where z is thesetof
�

variables,and {T| representstheunderestimatorof the function
k

. A
simplificationof (5) has

p 9Q; =w; m equal}\~ & z . Thevalueof these
p

parametersneedsto belarge
enoughto ensureconvexity, but not too largeasto overly underestimatetheoriginal function.
Thefull convex underestimatortakestheform:
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where { �� ��� � is the underestimatorof the function 809<; = , { �� �\� � is the underestimatorof the
function

Z 809Q; = and { �� �\� � , { �� �\� � , and { 5 areall similarly defined. It is necessaryto split
the equalitypoint constraintsinto a positively anda negatively signedinequality, eachbeing
underestimatedseparately.



2.2. Determination of
p

Parameters
The
p

parametersarepositivequantitiescalculatedfrom theHessianmatrixof thefunctionk 9Q; = 
>��� . This matrix is generatedusing the secondordersensitivities of the state
A 9 with

respectto theparameters
�

,

� 9<; = i ��� A 9� � � 
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In the casewhenthe
p

parametersareequalfor eachvariable,their valuescanbecalculated
by:
p 9<; =�� Z��w��� ����� �"� 9

m��
9<; = 
>��� (MaranasandFloudas,1994),where � 9

m��
9<; = is the minimum

eigenvalueof theHessianmatrix
� 9<; = . Thedifficulty arisesfrom thefactthat

� 9Q; = cannotbe
writtenasananalyticalfunctionof

�
. Theelementsof thematrix,however, canbedetermined

throughanintegrationof theaugmentedsystemat givenvaluesof
�

. As a resultof this, three
differentmethodsfor thedeterminationof

p
valueshavebeendeveloped.

Constantor Semi-ConstantValues:Thevaluesusedarepreselectedandcaneitherbeaconstant
or a functionof treelevel.

SamplingApproach:Thevaluesof theelementsof
�

aredeterminableat givenvaluesof the
parameters

�
. In eachregion,a numberof randompointsareselectedto evaluatetheHessian

matrix andcalculatetheeigenvaluesof thesematrices.Theminimumof theseeigenvaluesis
thenusedto calculatethevalueof

p
.

Samplingwith Interval Calculations:In this approach,the valuesof eachelementof
�

are
determinedatgivenvaluesof theparameters,but theeigenvaluesof thematricesarenotdirectly
determined. Instead,an interval Hessianmatrix is generatedby determiningthe minimum
andmaximumof every elementover thesampledset. A valid lower boundon theminimum
eigenvalueof this matrix can thenby determinedusingmethodspresentedby Adjiman and
Floudas(1996);Adjimanet al. (1998b).

2.3. Illustrative Example
In orderto illustratetheaboveconcepts,considerthesystem:

�A � U Z�A��f� A�
y#/.:� � � #�&I2 * ����7
(8)

wherethe control is boundedby U &�2�Z�� �:�r7 , Considerthe valueof the state,
A
, at
# � � ,

which is an implicit function of the variable U , kj
 U � . The first ordersensitivity of the state
with respectto theparameter, ¡:¢¡0£ , is determinedby integratinganadditionalequationwith the
onegivenabove(Vassiliadisetal.,1994).Thesecondordersensitivity, ¡d¤¥¢¡0£ ¤ , is calculatedusing
a finite differenceapproximation.The minimum of the secondordersensitivity is found to
be
Z * � ��� ��¦ . Thereforea

p
valueof

* � ��� *¨§ is neededto generatea convex relaxationof this
function. The original function and the underestimatorare plotted in Figure1. Notice the
continuityof theoriginal function,andtheconvexity of theunderestimator.

3. Algorithmic Outline
Step 1: Initialize theproblem:

Set the relative, X$©vª¬« , or the absolute,X,­6®-¯ convergencetolerance. If a samplingmethodis
beingusedto calculatethe

p
values,set the numberof points to useat the first iteration,°

m���m�±�m
­6« , andtheminimumnumberateachsubsequentiteration,° ª>²6ª
©¥³ . ~ #6´�µ � * .

Step 2: Calculateinitial
p

values:
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Figure1: FunctionandUnderestimatorfor Figure2: BifunctionalCatalystReaction
theIllustrativeExample. Scheme.

Integrate,with secondordersensitivity evaluations,thesystemat °
m���m�±�m
­6« randomlyselected

valuesfor the
�

variables.Savethisresultsfor latteruse.Usingtheselectedmethod,calculate
thevaluesof the

p
parameters.

Step 3: Initial lowerandupperbounds:
Solve theconvex relaxationfrom a randomlychosenstartingpoint. Using thesolutionasa
startingpoint, solve theoriginal nonconvex problemto determineanupperbound(UB) on
theglobalsolution.

Step 4: Checkfor convergence
If the ·�¸ and ¹<¸ are within either tolerance,then terminatewith the UB as the global
solution,otherwise~ #6´�µ � ~ #6´�µº?»� .

Step 5: UpdateLowerBound:
Selecttheregionwith thelowestrelaxedsolutionto beexplorednext.

Step 6: Branchtheregion:
Selectthevariablewhich hasthe largesteffect on theunderestimationandbisecttheregion
on thatvariable.

Step 7: Update
p

valuesin eachregion:
Searcha list of saved integration points to determinethe numberwhich fall in the given
region, ° � £ ©¬©vª

��±
. If ° � £ ©¥©vª

��± ¼
° ª>²$ª>©¥³ selectadditionalpoints randomly to make up the

difference.Calculatethevaluesof the
p

parameters.

Step 8: Determineboundsin eachregion:
Solvetheconvex relaxationfrom arandomlychosenstartingpoint. Fathomtheregionif there
is no feasiblesolutionlessthanthecurrentUB andgo to Step4. Solve theupperproblemin
this region,updatingtheUB if necessary, andgo to Step4.

4. Example problems
The solutionof an optimal control problemanda parameterestimationproblemarepre-

sentedto illustrationtheperformanceof thealgorithm.

4.1. Bifunctional Catalyst Problem
This exampleconcernstheoptimizationof a bifunctionalcatalystin convertingmethylcy-

clopentaneto benzene.Thecatalystcontainsahydrogenationcomponentandanisomerization
component.Theobjectiveis to determinethemixtureof thetwo alongthelengthof thereactor



whichmaximizestheconcentrationof thedesiredproduct,½�¾ , in thereactionschemegivenin
Figure2.

The formulationfor this problemusinga piecewiseconstantcontrolprofile on 10 equally
spacedintervalscanbefoundin thein Floudasetal. (1999)andEspositoandFloudas(2000a).
Theproblemexhibitsover300distinctlocalsolutions.Using1000randomstartingpoints,only
oneresultedin thedeterminationof theglobalsolutionto theproblem.Using1000sampling
points,the

p
valueneedfor convexity wasdeterminedto be0.0698.Theproblemwassolved

usinga
p

valuewhich startedat 0.0698andwasreducedat eachlevel of the tree. A relative
convergencetoleranceof

* � �w¿ wasused. The global solutiondeterminedhadan objective
valueof

� * � * � �ÁÀÂ� * � � with acontrolprofileof:
�

= [0.66595,0.67352,0.67500,0.9,0.9,0.9,
0.9,0.9,0.9,0.9].

This exampleillustratesan interestingcharacteristicof the approach.The algorithmacts
asa very effective searchto determinethe global solution. Initial points for the solutionof
the original problemaredeterminedby solving a convex relaxation. This relaxationactsto
smooththenonconvex natureof theoriginal formulation,thussupplyingstartingpointswhich
arerelatively closeto theglobalsolution. Considerin this problemthatusing1000randomly
chosenstartingpointsonly resultsin theglobalsolutionbeingidentifiedonce.In theproposed
approachtheglobalsolutionwasidentifiedin at most169 iterationsandmoreoften lessthan
100iterations.Eachiterationproducestwo differentstartingpointsfor thesolutionof theupper
problem. Therefore,it took no morethat200points(on average)to find the globalsolution.
This is 5 timesbetterthansimplychoosingrandompoints.

4.2. Lotka-Voltera Problem
This probleminvolves the estimationof parametersin the predator-prey model usedin

ecology. Themodelis describedby two differentialequations:Ã AÅÄÃ # �ÇÆ Ä�AÅÄÈ
6�DZhA � �:�
Ã A �Ã # �ÇÆ � A � 
>AÅÄ]Z �w�:� � c � 2�� � � �K� � ��7¬�É#�&I2 * �K� * 7 (9)

where
AÅÄ

representsthe populationof the prey, and
A � the populationof the predator. The

solutionsto theseequationsarecyclic in natureandout of phasewith eachother. The data
usedin the study was generatedwith parametervaluesof Ê � 2�ËÌ�K��7 at 10 equally spaced
time pointswith a small amountof normally distributedrandomerror with Í � * � * � and
zeromeanadded.Theproblemis formulatedasanerror-in-variablesestimationproblem.and
the full formulationappearsin Floudaset al. (1999)andEspositoandFloudas(2000b).This
problemhasbeenshown to have at least20 local solutions,with the mostprevalentsolution
beingthethird best(EspositoandFloudas,2000a).

Thisproblemwassolvedto globaloptimalityusingbothof thesamplingbasedapproaches.
Theaverageandstandarddeviationof threerunswith differentnumbersof sampledpointsare
shown in Table1 Noticehow increasingthenumberof samplingpointsresultsin lessvariation
within the algorithm. Also, the useof interval methodshave beenshown to result in looser
underestimators.This givesslower convergenceto globalsolution,which is clearlyevidentin
theresults.In everycase,in spiteof thelargenumberof localminima,theglobalsolutionwas
obtained.

5. Conclusions
In this papera deterministicglobal optimizationapproachhasbeenpresentedto address

nonconvex problemswith differential-algebraicconstraints.Theproposedmethodis basedon



No. of Points Sampled Sampled/Interval°
m���m�±�m
­6« /° ª
²6ª>©¥³ Inter. CPUsec. Inter. CPUsec.

25/10 123 Î 14 331.04Î 56.54 168 Î 4 396.25Î 20.00
50/25 145 Î 6 540.04Î 41.50 195 Î 3 699.73Î 13.24
100/50 152 Î 3 884.14Î 49.50 199 Î 2 1119.38Î 10.16

Table1: Resultsfor theLotka-Volteraproblem.
abranch-and-boundframework in whichthesolutionof aconvex relaxationis usedto generate
a valid lower boundon the global solution. Two examples,a parameterestimationproblem
andan optimal control problem,werepresentedto illustratethe computationandtheoretical
aspects.
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