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Differential-algebraisystem®f constraintsin particular initial valueordinarydifferential
eguationsappearin numerousoptimizationproblemsin the chemicalengineeringfield. A
difficulty in the solution of this formulation which hasnot beenthroughly addressedis the
problemof multiple local minima. In this paper a novel deterministicglobal optimization
methodusinga sequentiabpproachwill bepresented.

1. Introduction

The solution of optimization problemsinvolving differential-algebraiconstraintsarises
oftenin the chemicalengineerindield. Examplesinclude the optimal control of batchand
semi-batchprocesseaswell asthe determinatiorof kinetic constantdrom time seriesdata.
Difficultiesarrisefrom bothnumericalandoptimizationpointsof view.

Two differentapproachesxist for the solutionof the DAE systemwithin the optimization
problem. The first approach referredto asa simultaneousnethod,involves the complete
discretizatiorof the dynamicsystem.Theresultingformulationis algebraian natureandcan
be solved usingknown nonlinearprogrammingmethods. A secondapproachyeferredto as
a sequentiamethod,involvesthe solutionof the DAE systemthroughan integrationroutine
at eachiterationof thelocal solver. Control parameterizatiors alsousedwhennecessaryin
eachcasedoto thenoncowex natureof formulation,multiple local minimaarise.

In this papera deterministioglobaloptimizationmethodusingthe sequentiabpproactwill
be presentedor the solutionof dynamicoptimizationproblems.The methodis basedon the
aBB (Adjiman et al., 1998b,a),a branchand boundalgorithm for the determinationof the
globalminimumfor twice continuouslydifferentiableNLPs.

1.1. Formulation

min f(z,v) 1)
st. z2; = g(z,v,t) jeJ
0 = h(z,v,t)

z(t,) = 2z, t € [t,, tf]
Cmp(®) + 2m(ty) = 0 meMpeP

wherez arethestatevariables,/ arethe setof statesvhosederivativesappeaexplicitly in the
systemandM is thesetof statesvhichappeain thesetof pointconstants®. v € [v, vY] are
timeinvariantparametersvhichappeain thedynamicsystemgz € [x©, V] areasetalgebraic
variableswvhichdo notappeain thedynamicsystem.f(z, v) andc(x) aretwice continuously
differentiablefunctions,g(z, v, t) andh(z, v, t) aretwice continuouslydifferentialfunctions
with respectto the states,z andthe parametersy. Within (1), the control (if it exists) has
alreadybeenparameterizely, v = U(v, 1) .



2. Global Optimization Approach

The proposedapproachs basedon the BB (Adjiman et al., 1998b,a) for twice continu-
ously differentiableproblems.Within this branchandboundframework, a sequencef upper
boundson the globalsolutionis obtainedby solvingthefull noncowvex problemto local opti-
mality from multiple startingpoints. A lower boundis determinedoy solvinga valid convex
underestimatiof original formulation. e-corvergenceis obtainedby successie subdvision
of the original region at eachlevel of the branchandboundtree. A throughtreatmentof de-
terministicglobal optimizationmethodsandapplicationscanbe foundin the recentbook by
Floudas(2000).

2.1. Convex underestimation

The key to the succes®f the approachs in the ability to generatea valid corvex under
estimation.Thealgebraicfunctionswithin theformulation(c,, , () and f (z, v)) areunderes-
timatedusingtechniqgueshavn by Adjiman et al. (1998b,a). To underestimat¢he dynamic
part,considerthe differential-algebraisystemof equationssa simpleinput-outputmap.

i =8l
v —> 0 = h(z,v,1) — 2(t) 2

Pontryagin(1962)shovedthatundertheassumptiongivenpreviously, this mapis continuous
andtwice differentiablewith respectio the parametersy. Therefore the states,z, at given
time points,t,,, canbewritten astwice continuouslydifferentiablefunctions:

z(ty) = Flty,v) = Fulv) . 3)
Substituting(3) into (1) resultsin:
min f(x,v) (4)

T, v

st. emu(®) + Fppulv) =0meMpeP

Theunderestimatoof thistermis generatedby addinga quadratidunctionin v
fm,u(v) +Z 5m,u,'i (UzU - Ui) (UzL - Ui) )
i€l
wherel is the setof v variables,and L » representshe underestimatoof the function 7. A
simplificationof (5) hasg,, .., equalvi € I. Thevalueof thesed parameterseeddo belarge

enoughto ensurecornvexity, but not too large asto overly underestimatéhe original function.
Thefull corvex underestimatotakestheform:

min Lf(x,v) (6)
st. L) () + Lz, (v) <0, Lo () + Lz, (v) <0

where £ is the underestimatoof the function ¢, ., £, is the underestimatoof the
function —¢,,, , and Ej,_.m,#, L%, . andL; areall similarly defined. It is necessaryo split
the equality point constraintanto a positively anda negatively signedinequality eachbeing
underestimatedeparately



2.2. Determination of § Parameters

The g parameterarepositive quantitiescalculatedrom the Hessiammatrix of the function
Fm,u(v). This matrix is generatedising the secondorder sensitvities of the statez,, with
respecto the parameters,

%z,

Hop = W(tu) : (7)

In the casewhenthe 5 parametersire equalfor eachvariable,their valuescanbe calculated
by: B, > —1/2 min, A\j"'(v) (Maranasand Floudas,1994), where X% is the minimum

eigervalueof theHessiarmatrix #,, ,. Thedifficulty arisesrom thefactthat#,, , cannotbe

written asananalyticalfunctionof ». Theelementf the matrix, however, canbe determined
throughanintegrationof the augmentedystemat givenvaluesof v. As aresultof this, three
differentmethoddor the determinatiorof 3 valueshave beendeveloped.

Constanbr Semi-Constantalues:Thevaluesusedarepreselectedndcaneitherbeaconstant
or afunctionof treelevel.

SamplingApproach:The valuesof the elementof H aredeterminablat givenvaluesof the

parameter®. In eachregion, a numberof randompointsareselectedo evaluatethe Hessian
matrix and calculatethe eigervaluesof thesematrices. The minimum of theseeigervaluesis

thenusedto calculatethe valueof 5.

Samplingwith Interval Calculations:In this approachthe valuesof eachelementof H are
determinedhtgivenvaluesof theparameterdyuttheeigervaluesof thematricesarenotdirectly
determined. Instead,an interval Hessianmatrix is generatedy determiningthe minimum
andmaximumof every elementover the sampledset. A valid lower boundon the minimum
eigervalue of this matrix canthenby determinedusing methodspresentedy Adjiman and
Floudag(1996);Adjimanetal. (1998b).

2.3. lllustrative Example
In orderto illustratethe abose conceptsconsiderthe system:

p=u—2" z2(t,) =9 tel0,1] (8)

wherethe control is boundedby u € [—5, 5], Considerthe value of the state,z, att = 1,
which is animplicit function of the variableu, F(u). Thefirst ordersensitvity of the state
with respecto the parameter%, is determinedy integratingan additionalequationwith the

onegivenabove (Vassiliadisetal., 1994). Thesecondrdersensitvity, g—zg, is calculatedusing
a finite differenceapproximation. The minimum of the secondordersensitvity is found to
be —0.2214. Thereforea 5 valueof 0.1107 is neededo generatea corvex relaxationof this
function. The original function and the underestimatoare plottedin Figure1. Notice the

continuity of the original function,andthe corvexity of the underestimator

3. Algorithmic Outline

Sep 1: Initialize the problem:
Setthe relative, €%, or the absolute ¢*** corvergencetolerance. If a samplingmethodis
being usedto calculatethe 5 values,setthe numberof pointsto useat the first iteration,
pitial andthe minimumnumberat eachsubsequeriteration,p®*'v. iter = 0.

Sep 2: Calculatenitial 5 values:
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Figurel: FunctionandUnderestimatofor ~ Figure2: Bifunctional CatalystReaction
thelllustrative Example. Scheme.

Integrate,with secondordersensitvity evaluationsthe systemat p™#! randomlyselected
valuesfor thew variables. Save thisresultsfor latteruse.Usingtheselectednethod calculate
thevaluesof the 5 parameters.

Sep 3: Initial lowerandupperbounds:
Solve the corvex relaxationfrom a randomlychosenstartingpoint. Usingthe solutionasa
startingpoint, solve the original noncowex problemto determinean upperbound(UB) on
theglobalsolution.

Sep 4: Checkfor corvergence
If the UB and LB are within either tolerance,then terminatewith the UB asthe global
solution,otherwiseiter = iter + 1.

Sep 5: UpdateLower Bound:
Selecttheregion with thelowestrelaxed solutionto be explorednext.

Sep 6: Branchtheregion:
Selectthe variablewhich hasthe largesteffect on the underestimatiomndbisectthe region
onthatvariable.

Sep 7: Updates valuesin eachregion:
Searcha list of saved integration pointsto determinethe numberwhich fall in the given
region, peurrent, |f peurrent < pevery gelectadditional points randomlyto make up the
difference Calculatethe valuesof the 5 parameters.

Sep 8: Determineboundsin eachregion:
Solvethecorvex relaxationfrom arandomlychoserstartingpoint. Fathomtheregionif there
is no feasiblesolutionlessthanthe currentUB andgoto Step4. Solve theupperproblemin
this region, updatingthe UB if necessaryandgoto Step4.

4. Example problems
The solution of an optimal control problemanda parameteestimationproblemare pre-
sentedo illustrationthe performancef the algorithm.

4.1. Bifunctional Catalyst Problem

This exampleconcernghe optimizationof a bifunctionalcatalystin corverting methylgy-
clopentando benzeneThecatalystcontainsahydrogenatiomomponentndanisomerization
componentTheobjectveis to determinghemixtureof thetwo alongthelengthof thereactor



which maximizesthe concentratiorof thedesiredoroduct, A, in thereactionschemegivenin
Figure2.

The formulationfor this problemusinga piecavise constantcontrol profile on 10 equally
spacedntervalscanbefoundin thein Floudasetal. (1999)andEspositcandFloudag2000a).
Theproblemexhibitsover300distinctlocal solutions.Using1000randomstartingpoints,only
oneresultedin the determinatiorof the global solutionto the problem. Using 1000sampling
points,the 5 valueneedfor corvexity wasdeterminedo be 0.0698.The problemwassolved
usinga S valuewhich startedat 0.0698andwasreducedat eachlevel of thetree. A relative
cornvergencetoleranceof 0.1% was used. The global solution determinedhad an objective
valueof 10.095 x 10~2 with a controlprofile of: v =[0.66595,0.673520.675000.9,0.9,0.9,
0.9,0.9,0.9,0.9].

This exampleillustratesan interestingcharacteristiof the approach.The algorithmacts
asa very effective searchto determinethe global solution. Initial pointsfor the solution of
the original problemare determinedby solving a corvex relaxation. This relaxationactsto
smooththe noncowex natureof the original formulation,thussupplyingstartingpointswhich
arerelatively closeto the global solution. Considerin this problemthatusing1000randomly
choserstartingpointsonly resultsin theglobalsolutionbeingidentifiedonce.In the proposed
approactthe global solutionwasidentifiedin at most169iterationsand more oftenlessthan
100iterations.Eachiterationproducegwo differentstartingpointsfor thesolutionof theupper
problem. Therefore,it took no morethat 200 points (on average)to find the global solution.
Thisis 5 timesbetterthansimply choosingrandompoints.

4.2. Lotka-Voltera Problem
This probleminvolves the estimationof parametersn the predatosprey model usedin
ecology Themodelis describedy two differentialequations:

—_— = 01 21 (]_ — 22), % = 92 Z9 (Zl — ].), zZg = [12, 11], te [O, 10] (9)
where z; representshe populationof the prey, and z, the populationof the predator The
solutionsto theseequationsare cyclic in natureand out of phasewith eachother The data
usedin the study was generatedvith parametenvaluesof 8 = [3, 1] at 10 equally spaced
time pointswith a small amountof normally distributedrandomerrorwith ¢ = 0.01 and
zeromeanadded.The problemis formulatedasan errorin-variablesestimationproblem.and
the full formulationappearsn Floudaset al. (1999)andEspositoand Floudas(2000b). This
problemhasbeenshownn to have at least20 local solutions,with the mostprevalentsolution
beingthethird best(EspositoandFloudas2000a).

This problemwassolvedto globaloptimality usingboth of thesamplingbasedapproaches.
The averageandstandardieviation of threerunswith differentnumbersof sampledpointsare
shavnin Table1 Notice how increasinghe numberof samplingpointsresultsin lessvariation
within the algorithm. Also, the useof interval methodshave beenshown to resultin looser
underestimatorsThis givesslower cornvergenceto global solution,which s clearly evidentin
theresults.In every casejn spiteof thelargenumberof local minima, the global solutionwas
obtained.

5. Conclusions
In this papera deterministicglobal optimizationapproachhasbeenpresentedo address
noncoivex problemswith differential-algebraiconstraintsThe proposednethodis basedn



No. of Points Sampled Sampled/Interal

pinitial [pevery Inter. CPUsec. Inter. CPUsec.
25/10 123+ 14 331.044+56.54 168+4 396.25+ 20.00
50/25 145+ 6 540.044+41.50 195+ 3 699.73+13.24
100/50 152+ 3 884.144+49.50 199+ 2 1119.38+ 10.16

Tablel: Resultsfor the Lotka-\blteraproblem.
abranch-and-bounftamewnork in whichthe solutionof a corvex relaxationis usedto generate
a valid lower boundon the global solution. Two examples,a parameteestimationproblem
andan optimal control problem,were presentedo illustrate the computationandtheoretical
aspects.
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