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Abstract. A new approach is proposed for finding all " –feasible solutions for certain classes of nonlinearly
constrained systems of equations. By introducing slack variables, the initial problem is transformed into a global
optimization problem (P) whose multiple global minimum solutions with a zero objective value (if any) correspond
to all solutions of the initial constrained system of equalities. All " –globally optimal points of (P) are then localized
within a set of arbitrarily small disjoint rectangles. This is based on a branch and bound type global optimization
algorithm which attains finite " –convergence to each of the multiple global minima of (P) through the successive
refinement of a convex relaxation of the feasible region and the subsequent solution of a series of nonlinear convex
optimization problems. Based on the form of the participating functions, a number of techniques for constructing
this convex relaxation are proposed. By taking advantage of the properties of products of univariate functions,
customized convex lower bounding functions are introduced for a large number of expressions that are or can
be transformed into products of univariate functions. Alternative convex relaxation procedures involve either
the difference of two convex functions employed in # BB [23] or the exponential variable transformation based
underestimators employed for generalized geometric programming problems [24]. The proposed approach is
illustrated with several test problems. For some of these problems additional solutions are identified that existing
methods failed to locate.
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1. Introduction

A fundamental task in applied mathematics, engineering and sciences is finding all solu-
tions of a set of equations. This task is sometimes further complicated by requiring the
simultaneous satisfaction of a number of inequality and/or variable bound constraints. Not
only the problem of computing all solutions of nonlinearly constrained systems of equations
is NP–hard, but it is also possible that there exists exponentially many such solutions [1].
In addition, simply checking if a solution exists is NP–hard [2]. There exists a large body
of literature on methods for solving systems of equations. These methods fall within the
following three broad classes: (i) Newton and quasi–Newton type methods; (ii) homotopy
continuation type methods; and (iii) interval–Newton methods.

Newton and quasi–Newton type methods and their modifications achieve superlinear con-
vergence only when they are well within the neighborhood of the solution. However, these
methods are likely to fail if the initial guess is poor, or if singular points are encountered.
Modifications in an attempt to avoid singularities may incorporate trust–region techniques
such as Powell’s “dogleg” method [31], steepest descent direction information [7], [10],
[26] and alterations on the quasi–Newton Jacobian estimates [30]. This type of methods,
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although very computationally efficient, cannot provide guarantees for convergence. This
is manifested in practice with their poor convergence characteristics.

One of the most widely used method for locating solutions of nonlinear systems of
equations belongs to the broad class of embedding methods. This class of methods are
also known as continuation, homotopy continuation, or incremental loading, and are based
on the pioneering work of [19], [20], [8], [18]. The basic idea of homotopy continuation
methods is to create a family of a single parameter functions so that the solution for (t=0)
is known and then solve a sequence of problems with 6 steadily increasing from (t=0) to
(t=1) using the solution of one problem as an estimate for the next. A popular variation is
to use a system variable as the continuation parameter and integrate the resulting system
of ordinary differential equations towards steady–state by utilizing AUTO [9]. A problem
common to all homotopy variants is that variable bounds and inequality constraints cannot
be handled directly. A comprehensive review of the extensive literature in this area can be
found in [12]. While in practice homotopy continuation methods are frequently used in
an attempt to locate all solutions of arbitrary nonlinear systems of equations, mathematical
guarantees that all solutions will be found exist only in special cases (e.g. polynomial
systems with no constraints). For polynomial systems of equations, however, Morgan [27]
proposed a differential arclength continuation using a special homotopy that establishes a
number of continuation paths guaranteed to converge to all possible real and complex roots.
Two popular software packages, CONSOL [27] and POLSYS [34] have implemented this
method.

Interval–Newton methods can find rectangles containing all solutions of nonlinear sys-
tems of equations within certain variable bounds with mathematical certainty. They do so
by applying the classical Newton-like iterative methods on interval variables rather than
variables coupled with a generalized bisection strategy [29], [13]. A version of the basic
Interval–Newton method has been implemented into the public domain software program
INTBIS [17] which is coupled with a portable interval standard function library INTLIB
[16]. The main attractive feature of Interval–Newton methods is that they provide mathe-
matical guarantees for convergence to all solutions of fairly arbitrary nonlinear systems of
equations within certain variable bounds. However, this wide applicability to almost arbi-
trary nonlinear functions comes at an expense. Because no specific structure of individual
expressions is analyzed the obtained interval bounds can sometimes be fairly loose.

The proposed approach is based on convex lower bounding coupled with a partitioning
strategy and like Interval-Newton methods, it can provide guarantees for convergence to all7 –solutions. The fundamental difference, however, between our procedure and Interval–
Newton methods is that while the former utilizes a single value to lower bound functions
within rectangular domains, we lower bound nonconvex functions with convex functions.
By exploiting the mathematical structure of the problem, this typically results in much
tighter bounds. In the next section, a description of the problem is presented.
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2. Problem Description

This paper addresses the problem of identifying all solutions of a nonlinear system of
equations subject to inequality constraints and variable bounds and is formulated as:@ A�BDC.EGFIHKJ>LNMPORQ

(S)S�T BDC.EVUWHKJYXZMPOR[C�\]U^C]U_C.`aJ
where

ORQ
is the set of equalities,

OR[
the set of inequality constraints, and

C
the vector

of variables. Note that in formulation (S) the total number of variables is allowed to be
different than the total number of equalities so as neither the existence nor the uniqueness of
a solution of (S) is postulated. Therefore, both overspecified and underspecified systems are
included in the present investigations. Note that a number of important problems naturally
arise as special instances of formulation (S). On one hand, by omitting all inequality
constraints, (S) corresponds to a system of nonlinear equations. On the other hand, by
eliminating all equality constraints (S) checks the existence of feasible points for the given
inequality constraint set (feasibility problem).

Formulation (S) can be transformed into the following min–max optimization problem
[15] b�cedf bRg	hAaikj�l m @�A B:C.E m

subject to S�T B:C.EnUoHKJYXZMPOR[
C \ U^C]U_C `ap

By introducing a single slack variable q , the min-max problem can be written as the
following optimization problem (P0).b�cedf�r s�t�u q (P0)

subject to
@ A BDC.E�v q UWHKJ>LNMPO Qvw@ A BDC.E�v q UWHKJ>LNMPO QS�T BDC.EVUWHKJYXxMxO�[C�\]U^CyUzC.`

Clearly, there is a one to one correspondence between multiple global minima
BDC.{	J q {|E

of (P0) for which q {}F~H
and solutions of (S). This means that if the global minimum of

(P0) involves a nonzero slack variable q { then the original problem (S) has no solutions.
Note that, unless the functions

@ A B:C.E
and S T B:C.E are linear and convex respectively, formu-

lation (P) corresponds to a nonconvex optimization problem. This implies that if a local
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optimization approach is used to solve (P0), one might miss some of the multiple global
minima of (P0) or even erroneously deduce that there are no solutions for (S). Therefore,
an approach that is guaranteed to always locate all multiple global minima of (P0) appears
to be necessary for solving (S) so that (i) the correct solution vector

B:C.{ J q {�E is identified
and (ii) all solutions

BDC.{	E
of (S) with q {<F�H

are found in all instances. In this work, a
deterministic global optimization is proposed which is guaranteed to locate all 7 –global
minima of

B�����E
through the successive refinement of converging lower and upper bounds

on the solution based on the solution of convex optimization problems defined by a branch
and bound approach. A lower bound on the solution of (P0) is found by first replacing
each nonconvex constraint in (P0) with a convex underestimation of it and then finding
the solution of the convex relaxation (R) of (P0) with commercially available solver such
as MINOS5.4 [28] as shown in [22] and [23]. This approach naturally partitions the con-
straints of formulation (P0) into convex (for which no relaxation is required) and nonconvex
constraints. This partitioning yields the following alternative formulation (P):bRcedf�r s�t�u q (P)

subject to
@!�4���4�A B:C.E�v q UzH�J�LNMPO �4����� Qvw@!�4���4�A B:C.E�v q UzH�J�LNMPO �4����� QS �4���4�T B:C.EnUzH�J�XxMxO ������� [@�� �e�A B:C.E�F�H�J�L~M~O � �e� QS �������T B:C.EnUzH�J�L~M~O ����� � [C \ U^CyU�C `

Here
O �4����� QaJ�O � �e� Q are the sets of nonconvex and linear equality constraints respectively,

and
O �4����� [�J�O ������� [ are the sets of nonconvex and convex inequality constraints,O Q F�O ������� Q�� O � �e� Q J�O [ FGO �4���4� ['� O ������� [ p

A convex relaxation (R) of (P) of the form,bRcedf�r s�t�u q (R)

subject to �@!�4���4�� r A B:C.E�v q UzH�J�LNMPO �4����� Q�@!�4���4�� r A B:C.E�v q UzH�J�LNMPO �4����� Q�S �4�����4�T B:C.EnUzH�J�XxMxO ������� [@�� �e�A B:C.E�F�H�J�L~M~O � �e� QS �������T B:C.EnUzH�J�L~M~O ����� � [
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canbe obtained by replacing the original nonconvex functions

@ �4�����A BDC.E
,
v*@ �4�����A B:C.E

, S �����4�T BDC.E
with some convex tight lower bounding functions �@ �4���4�� r A B:C.E

, �@ �����4�� r A BDC.E
, �S �4���4�T BDC.E

. These

lower bounding functions �@ �4���4�� r A BDC.E
, �@ �4���4�� r A B:C.E

, �S �4���4�T B:C.E
must be (i) convex in � C \ J�C `�� ;

(ii) valid underestimators of the original functions
@ �4���4�A J|v*@ �4�����A J S �����4�T ; and (iii) for every

point
C�M � C \ J�C `�� the maximum separation between the original functions and the convex

underestimators must become arbitrarily 7 small by appropriately reducing the size of the
rectangular domain � C � J�C�� � around the point

C
inside which the convex underestimators

are defined. These requirements are expressed mathematically as follows:

Property 1: �@ �4���4�� r A BDC.E
, �@ �4������ r A BDC.E

, and �S �4���4�T B:C.E
be convex � C�M � C \ J�C ` � .

Property 2:
@ �4���4�A BDC.E�� �@ �4���4�� r A BDC.E

,
v*@ �������A BDC.E�� �@ �������� r A BDC.E

, and S �4���4�T BDC.E���S �4���4�T B:C.E�J � C�M � C \ J�C ` � .
Property 3: � C M � C \ J�C ` � and 7¡  HKJ�¢ � C � J�C�� �¤£ � C \ J�C ` � with ¥ B 7 E�F¦ C���v0C � ¦¨§�©�ªª   H

such thatb�g	hf i�« f�¬­r f�®°¯ ± @ �4�����A BDC.E�v �@ �4���4�� r A B:C.E�²]³ 7 J
b�g	hf i�« f ¬ r f ® ¯ ± v*@��������A BDC.E�v �@������4�� r A B:C.E�²]³ 7 J
b�g	hf i�« f ¬ r f ® ¯ B S �4���4�T B:C.E´v �S �������T BDC.EµE¡³ 7 p

Property 3 requires that the maximum separation between the nonconvex function and its
tight convex lower bounding function, defined inside some rectangular region, must go to
zero ¶ ceb·µ¸ u�¹ 7 F�H p
as the size of the rectangular domain approaches zero

B ¥ FºH E
. This is important for

proving finite 7 –convergence. The order » B 7 EaF » B ¥ � E with which 7 approaches zero as¥ goes to zero is important because it determines the speed of convergence. Clearly, the
largest possible value for ¼ is desirable so as the maximum tolerance reaches an arbitrary
value 7 for a not too small variable range ¥ . For example, if the maximum separation 7 goes
as ¥ ª then a value of just ¥ F½H p H�¾

suffices to meet a convergence tolerance of 7 F½H p H�H H�¾
.

An efficient convex lower bounding of nonconvex functionals appearing in formulation
(P) is clearly central to the design of the proposed global optimization approach for locating
all solutions. Undoubtedly, the tighter the convex lower bounding is the better the quality of
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the obtained lower bounds will be, and consequently the faster the algorithm will converge.
The tightest possible convex lower bounding function for any arbitrary nonconvex function¿�B:C.E

inside some rectangular region À is called the convex envelope Á BDC.E of
¿�B:C.E

, and it
must conform to the following properties [15]:

(i) Á BDC.E convex for all
C]M À .

(ii)
¿�B:C.EÂ� Á BDC.E for all

C]M À .

(iii) For all functions S B:C.E that satisfy (i) and (ii), Á BDC.Ea� S B:C.E for all
C�M À .

Unfortunately, in all but the simplest cases there exists no method for deriving the convex
envelope for arbitrary functions defined inside arbitrary domains. As a result, the focus in
this work is to identify the maximum possible function which satisfies properties (i) and
(ii). There exists a number of techniques for obtaining functions that satisfy properties
(i), (ii). In the following sections, a number of convex lower bounding procedures are
discussed which can be of use not only for the problem of locating all multiple solutions
but also for any deterministic branch and bound global optimization algorithm based on
convex lower bounding. The first convex lower bounding technique is motivated by the
fact that a large number of nonconvex terms appearing in different models are or can be
transformed into the product of functions of a single variable (univariate functions). By
exploiting the properties of products of univariate functions, tight convex lower bounding
functions are derived in the next section.

3. Products of univariate functions

A function
¿VÃ�Ä^Å�Ä

of a single variable Æ is called univariate function. Products of
univariate functions

¿ � ,¿�B:C.E0F ÇÈ��É § ¿ � B Æ � E
are in general nonconvex functions even if the corresponding univariate functions are
convex. By utilizing appropriate linear transformations, if necessary, a large number of
nonlinearities appearing in applied mathematics and engineering problems can be described
as products of univariate functions.

Al–Khayyal and Falk [3] showed that the nonconvex bilinear product of Æ�Ê inside the
rectangular domain �ËÆ \ J Æ `.�RÌ �ÍÊ \ J Ê `´� can be tightly convex lower bounded by the
following linear cut:b�g¨h�Î Æ \ ÊÐÏVÆ�Ê \�v Æ \ Ê \�J Æ ` Ê;Ï�Æ�Ê `�v Æ ` Ê `kÑ
First, the conditions under which a similar result holds for the product of two arbitrary
univariate functions

¿�B Æ E and S B Ê E are investigated.
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If
¿!J S are twice differentiable univariate functions

¿�B Æ E�J S B Ê EÚM>Û ª
defined

inside a rectangle � Î Æ \ J Æ ` ÑkJ Î Ê \ J Ê ` Ñ � andÜDB Æ J Ê E�F bRg	h^Ý Á Î ¿!\ S B Ê E�Ñ ÏÞÁ ÎDS \.¿�B Æ E�Ñ/vY¿!\ S \�JÁ Î ¿ ` S B Ê E�Ñ ÏVÁ Î­S ` ¿�B Æ E�Ñ*v0¿ ` S `Úß
where

¿ \ F ced�àáãâ!ä�á ä�á	å ¿�B Æ E�J¿�`^F æµç!èá â ä�á ä�á å ¿�B Æ E�JS \ÙF ced�àá â ä�á ä�á å S B Æ E�JS `^F æµç!èá â ä�á ä�á å S B Æ E
and Á Î ¿ \ S B Ê E�ÑÚJ Á Î­S \ ¿�B Æ E�ÑaJ Á Î ¿ ` S B Ê E�ÑÚJ'é ¼�êëÁ Î:S ` ¿�B Æ E�Ñ are the convex envelopes of
the univariate functions

¿ \ S B Ê E�J S \ ¿�B Æ E�J�¿ ` S B Ê E�JÚé ¼�ê S ` ¿�B Æ E respectively then:

(i)
Ü�B Æ J Ê E is convex, � B Æ J Ê EaM � Æ \ J Æ ` � Ì � Ê \ J Ê ` � p

(ii)
¿�B Æ E S B Ê EV�ìÜDB Æ J Ê E�J � B Æ J Ê EaM � Æ \ J Æ ` � Ì � Ê \ J Ê ` � p

Proof: Both functions Á Î ¿ \ S B Ê E�Ñ ÏëÁ Î�S \ ¿�B Æ E�Ñ!ví¿ \ S \ and Á Î ¿ ` S B Ê E�Ñ ÏëÁ ÎDS ` ¿�B Æ E�Ñ!v¿ ` S ` are convex as the sum of the convex envelopes of univariate functions. Since the
maximum of two convex functions is a convex function as well, statement (i) is true andÜDB Æ J Ê E is convex for all

B Æ J Ê E in � Æ \ J Æ ` � Ì � Ê \ J Ê ` �
Because,¿�B Æ E�vY¿!\��nHKJ �îÆ M �ïÆ \�J Æ ` � and S B Ê Ekv S \��nHKJ �ðÊ M � Ê \'J Ê ` �

we haveÎ ¿�B Æ E´vY¿!\ Ñ Î S B Ê E´v S \ Ñ �ñH�J � B Æ J Ê E¡M � Æ \�J Æ ` � Ì � Ê \'J Ê ` � p
After rearranging terms we obtain,¿�B Æ E S B Ê En�ì¿�\ S B Ê E Ï ¿�B Æ E S \�vG¿!\ S \kJ � B Æ J Ê EkM � Æ \�J Æ ` � Ì � Ê \'J Ê ` � p
By the definition of the convex envelope we know that,¿ \ S B Ê Eò� Á Î ¿ \ S B Ê E�Ñ!J ��Ê M � Ê \ J Ê ` �S \.¿�B Æ EV� Á Î S \�¿�B Æ E Ñ J �óÆ M �ôÆ \.J Æ ` �
Therefore,¿�B Æ E S B Ê En� Á Î ¿ \ S B Ê E Ñ ÏVÁ Î ¿�B Æ E S \ Ñ vY¿ \ S \ J � B Æ J Ê E'M � Æ \ J Æ ` � Ì � Ê \ J Ê ` � p

(1)
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Furthermore, by following the same line of reasoning on the relation,Î ¿�B Æ E´vY¿ ` Ñ Î:S B Ê E´v S ` Ñ½�ìH�J � B Æ J Ê EÂM � Æ \ J Æ ` � Ì � Ê \ J Ê ` � J
we obtain:¿�B Æ E S B Ê En� Á Î ¿�` S B Ê E�Ñ ÏÞÁ ÎDS `k¿�B Æ E�Ñ*v0¿�` S `aJ � B Æ J Ê E�M � Æ \.J Æ ` � Ì � Ê \�J Ê ` � p

(2)

Relations (1),(2) imply that statement (ii) is true.

Based on Theorem (1) function
ÜDB Æ J Ê E can be utilized as a tight convex lower bounding

function of the product of two continuous and twice differentiable functions. It can also be
shown that under certain conditions

ÜDB Æ J Ê E corresponds to the actual convex envelope of
the product

¿�B Æ E S B Ê E . These conditions are stated in the following theorem:Ò*Ó�Ô�Õ�Ö�Ô�×öõ
If (i) the univariate functions,S \.¿�B Æ E�J S `'¿�B Æ E and

¿�\ S B Ê E�J*¿�` S B Ê E
are concave in � Æ \ J Æ ` � and � Ê \ J Ê ` � respectively and (ii) the functions

¿�B Æ E�J S B Ê E are
monotonic, then

ÜDB Æ J Ê E is the convex envelope of
¿�B Æ E S B Ê E .Á B�¿�B Æ E S B Ê EµEGF�Ü�B Æ J Ê E�J � B Æ J Ê E0M � Æ \�J Æ ` � Ì � Ê \'J Ê ` � p

Proof: Theorem (1) proves that function
ÜDB Æ J Ê E conforms with Properties (i) and (ii) of

section 3. Therefore, it remains to show that it satisfies Property (iii) of section 3. Because
the convex envelope of a univariate concave function defined in an interval is the line
segment connecting the the two end points we have:Á Î S \.¿�B Æ E Ñ F S \G÷ ¿�B Æ ` E�vG¿�B Æ \ EÆ ` v Æ \ Æ�Ï Æ ` ¿�B Æ \ E�v Æ \ ¿�B Æ ` EÆ ` v Æ \ ø

Á Î S ` ¿�B Æ E Ñ F S ` ÷ ¿�B Æ ` E�vG¿�B Æ \ EÆ ` v Æ \ Æ�Ï Æ ` ¿�B Æ \ E�v Æ \ ¿�B Æ ` EÆ ` v Æ \ ø
Á Î ¿!\ S B Ê E Ñ F�¿�\Þ÷ S B Ê ` E�v S B Ê \ EÊ ` v Ê \ Æ�Ï Ê ` S B Ê \ E�v Ê \ S B Ê ` EÊ ` v Ê \ ø
Á Î ¿�` S B Ê E Ñ F�¿�` ÷ S B Ê ` E�v S B Ê \ EÊ ` v Ê \ Æ�Ï Ê ` S B Ê \ E´v Ê \ S B Ê ` EÊ ` v Ê \ ø

After substituting these expressions into the relation for
ÜDB Æ J Ê E we obtain:ÜDB Æ J Ê EVF b�g¨h B�Ü § B Æ J Ê E�J�Ü ª B Æ J Ê EµE

where
Ü § B Æ J Ê EGF ÷ S \ ¿�B Æ ` E�v0¿�B Æ \ EÆ ` v Æ \ ø ÆùÏ ÷D¿!\ S B Ê ` E�v S B Ê \ EÊ ` v Ê \ ø Ê
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Ï ÷ S \ Æ ` ¿�B Æ \ E�v Æ \ ¿�B Æ ` EÆ ` v Æ \ Ï ¿!\ Ê ` S B Ê \ E�v Ê \ S B Ê ` EÊ ` v Ê \ vG¿�\ S \ ø
Ü ª B Æ J Ê EGF ÷ S ` ¿�B Æ ` E�v0¿�B Æ \ EÆ ` v Æ \ ø ÆùÏ ÷:¿ ` S B Ê ` E�v S B Ê \ EÊ ` v Ê \ ø Ê

Ï ÷ S ` Æ ` ¿�B Æ \ E�v Æ \ ¿�B Æ ` EÆ ` v Æ \ Ï ¿ ` Ê ` S B Ê \ E�v Ê \ S B Ê ` EÊ ` v Ê \ vG¿ ` S ` ø
Because

¿�B Æ E�J S B Ê E are monotonic one of the following alternatives is true:B:é�EI¿�B Æ \ EGFú¿ \ JY¿�B Æ ` EVF�¿ ` J S B Æ \ EVF S \ J S B Æ ` EVF S `B�ûüEI¿�B Æ \ EòFú¿ \ JY¿�B Æ ` EVF�¿ ` J S B Æ \ EVF S ` J S B Æ ` E�F S \B:ý|EI¿�B Æ \ EòFI¿ ` JG¿�B Æ ` EGFú¿ \ J S B Æ \ EòF S \ J S B Æ ` EVF S `B ê EI¿�B Æ \ EGFI¿ ` JG¿�B Æ ` EGFú¿ \ J S B Æ \ EòF S ` J S B Æ ` E�F S \
Assuming that (a) is true we have:Ü § B Æ \ J Ê \ EòFþ¿�B Æ \ E S B Ê \ EÜ § B Æ \ J Ê ` E�F�¿�B Æ \ E S B Ê ` EÜ § B Æ ` J Ê \ E�F�¿�B Æ ` E S B Ê \ E and

Ü ª B Æ ` J Ê ` E�FW¿�B Æ ` E S B Ê ` EÜ ª B Æ \ J Ê ` EVFþ¿�B Æ \ E S B Ê ` EÜ ª B Æ ` J Ê \ EVFþ¿�B Æ ` E S B Ê \ E
This implies that one can partition the original rectangleÄÿF � Î Æ \ J Ê \ ÑkJ Î Æ \ J Ê ` ÑkJ Î Æ ` J Ê \ ÑkJ Î Æ ` J Ê ` Ñ �
into the following two disjoint triangles,� § F � Î Æ \�J Ê \ Ñ J Î Æ \.J Ê ` Ñ J Î Æ `kJ Ê \ Ñ � J and

� ª F � Î Æ `aJ Ê ` Ñ J Î Æ \�J Ê ` Ñ J Î Æ `aJ Ê \ Ñ �
at whose vertices the linear functions

Ü § B Æ J Ê E�JüÜ ª B Æ J Ê E match the original product of uni-
variate functions

¿�B Æ E S B Ê E respectively (See Figure 1). If
ÜDB Æ J Ê E were not the convex

envelope of
¿�B Æ E S B Ê E over the rectangular domain

Ä
then, there would be a third convex

function
Ü�� B Æ J Ê E underestimating

¿�B Æ E S B Ê E over
Ä

and a point
B��Æ J��Ê EaM�Ä

such that:ÜDB��Æ J��Ê E¡³ñÜ � B��Æ J��Ê E
Suppose that

B��Æ J��Ê EkM	� § . Then
B��Æ J
�Ê E is a unique convex combination of the three extreme

points � § J � ª J � � of
� § . Hence, for the affine function

Ü
, there exists unique positive� § J
� ª J�� � satisfying � ���É § � � F~¾

such thatÜDB��Æ J��Ê E�FzÜ�� �� � É § � � � ����F �� ��É § � � ÜDB � �µE p
Because

Ü��
is the convex envelope of

¿�B Æ E S B Ê E inside
Ä

, (i)
Ü��

is convex and (ii) it matches¿�B Æ E S B Ê E at all vertex points like
Ü�B Æ J Ê E does which implies:
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(x ,y ) (x ,y )

(x ,y )(x ,y ) R

T2

T

LU UU

LL U L

1

Figure 1. Decomposition of rectangle R into two triangles ��� , ��� .
Ü � B��Æ J��Ê E�F�Ü � � �� � É § � � � ��� U �� ��É § � � Ü � B � ��E�F �� ��É § � � ÜDB � ��E0F�ÜDB��Æ J��Ê E p

This contradicts the initial hypothesis
ÜDB��Æ J��Ê E ³�Ü � B��Æ J��Ê E and therefore,

ÜDB Æ J Ê E is indeed
the convex envelope of

¿�B Æ E S B Ê E in
Ä

. Note that a similar argument holds if
B��Æ J��Ê EaM	� i .

Moreover, depending on which monotonicity combination (a), (b) ,(c) or (d) is true it
is always possible to partition

Ä
into two triangles

� § J�� ª by halving along one of the
diagonals. Therefore, by following the same line of thought for combinations (b), (c)
and (d) it is straightforward to extent this proof for all monotonicity combinations.

The analysis for the convex lower bounding of products of two univariate functions can
be extended to accommodate the product of � univariate functions. This is accomplished
by successively convex lower bounding pairs of univariate functions in a recursive manner
until no pairs are left. One of the possible alternatives of combining pairs is to start with
convex lower bounding the last two functions of the product and work your way to the front
of the expression. Theorem (3) states that this procedure yields a convex lower bounding
function for the initial product.Ò*Ó�Ô�Õ�Ö�Ô�×��

If
¿ � M�Û ª Ã �ôÆ \� J Æ `� � Å�Ä � J�� F ¾	J p|p�p J � and B:C.EVF Ê u
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where Ê A F b�g¨h"! Á Î ¿ \A � § Ê A � § Ñ ÏVÁ Î Ê \A � § ¿ A � § B Æ A � § E�Ñ*v Ê \A � § ¿ \A � § JÁ Î ¿�`A � § Ê A � § Ñ ÏVÁ Î Ê `A � § ¿�A � § B Æ A � § E Ñ v Ê `A � § ¿�`A � § J ß JLíF½H�J p�p|p J � v$#
Ê Ç � ª F b�g¨h ! Á Î ¿�\Ç � § ¿ Ç B Æ Ç E Ñ ÏGÁ Î ¿�\Ç ¿ Ç � § B Æ Ç � § E Ñ vY¿!\Ç � § ¿�\Ç JÁ Î ¿�`Ç � § ¿ Ç B Æ Ç E Ñ ÏVÁ Î ¿�`Ç ¿ Ç � § B Æ Ç � § E Ñ vG¿�`Ç � § ¿�`Ç ß

and Ê \ © `A F ced�à&% æµç�èÆ A � § J Ê A � § ! Á Î ¿!\A � § Ê A � § Ñ ÏÞÁ Î Ê \A � § ¿ A � § B Æ A � § E Ñ v Ê \A � § ¿!\A � § JÁ Î ¿�`A � § Ê A � § Ñ ÏGÁ Î Ê `A � § ¿�A � § B Æ A � § E Ñ v Ê `A � § ¿�`A � § J ß JLíF½H�J p�p|p J � v$#
Ê \ © `Ç � ª F côdKà'% q)(
*Æ Ç J Æ Ç � § ! Á Î ¿ \Ç � § ¿ Ç B Æ Ç E Ñ ÏVÁ Î ¿ \Ç ¿ Ç � § B Æ Ç � § E Ñ v0¿ \Ç � § ¿ \Ç J

Á Î ¿�`Ç � § ¿ Ç B Æ Ç E Ñ Ï�Á Î ¿�`Ç ¿ Ç � § B Æ Ç � § E Ñ v0¿�`Ç � § ¿�`Ç ß
then

(i)
 B:C.E

is convex, � C]M � C \ J�C ` � p
(ii) Ç+��É § ¿ � B Æ � E0�  B:C.E�J � C�M � C \ J�C `�� p
Proof: Starting from the beginning of the recursive definition of

 B:C.E
, Ê Ç � ª is a convex

function of
B Æ Ç � § J Æ Ç E as the max of two convex functions. For the same reason Ê Ç � �is a convex function of

B Æ Ç � ª J Ê Ç � ª E or otherwise of
B Æ Ç � ª J Æ Ç � § J Æ Ç E . By recursively

substituting Ê A into the expression for Ê A � § we deduce that for every
LíF½H�J p|p�p J � v	,

, Ê A
is a convex function of

B Æ A � § J Æ A � ª J p�p�p J Æ Ç E . Therefore,
 BDC.E�F Ê u is a convex function

of
B Æ § J Æ ª J p�p|p J Æ Ç E

which proves part (ii) of Theorem (3).
From Theorem (1) and the statement of Theorem (3) we have,¿ Ç � § B Æ Ç � § E°¿ Ç B Æ Ç EV� bRg	h ! Á Î ¿!\Ç � § ¿ Ç B Æ Ç E Ñ ÏVÁ Î ¿!\Ç ¿ Ç � § B Æ Ç � § E Ñ vG¿�\Ç � § ¿!\Ç JÁ Î ¿�`Ç � § ¿ Ç B Æ Ç E�Ñ ÏGÁ Î ¿�`Ç ¿ Ç � § B Æ Ç � § E�ÑwvY¿�`Ç � § ¿�`Ç ßF Ê Ç � ª

and
¿�A � § B Æ A � § E Ê A � § � bRg	h ! Á Î ¿!\A � § Ê A � § Ñ ÏGÁ Î Ê \A � § ¿�A � § B Æ A � § E Ñ v Ê \A � § ¿!\A � § JÁ Î ¿�`A � § Ê A � § Ñ ÏVÁ Î Ê `A � § ¿�A � § B Æ A � § E Ñ v Ê `A � § ¿�`A � § JãßF Ê A�J L�FùHKJ p�p|p J � v-#

By combining these last two sets of inequalities we have,
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ÇÈ��É § ¿ � B Æ � E¡� Ê u F  BDC.E�J � C�M � C�\�J�C.` �

which proves part (ii) of Theorem (3).

Theorem (3) describes one possible way of recursively combining pairs of univariate
functions. Theorem (4) states who many of these alternative sequences exist for convex
lower bounding the product of � univariate functions.Ò*Ó�Ô�Õ�Ö�Ô�×/.

There are,B �10 E ª� , Ç � § J
ways of combining pairs of univariate functions in a product of � univariate functions.

Proof: Clearly, there exists
± Ç ª ² F Ç32eÇ � §54ª ways of selecting the first pair of univariate

functions to be convex lower bound. After this action, we are left with � vù¾
functions

which implies that there are
± Ç � §ª ² F 2eÇ � §54 2eÇ � ª�4ª alternatives for picking the next pair

of functions. This recursive convex lower bounding is continued until we are left with only
a pair of functions involving a single convex lower bounding alternative. Because every
convex lower bounding stage is independent of the previous one, the total number of ways
of combining pairs the � univariate functions in pairs of two is:ÇÈ��É ª36 �,87 F ÇÈ��É ª �!B���vò¾|E, F �10 B � vÞ¾�E 0, Ç � § F B �10 E ª� , Ç � § p

Examples of convex lower bounding of products of � univariate functions are given in
appendix A. Furthermore, conditions for convexity/concavity are provided for generalized
polynomial terms, which are a special case of products of univariate functions, in appendix
B. From the analysis in the previous sections it is clear that in order to convex lower bound
the product of univariate functions it is necessary to be able to obtain the convex envelope,
or at least a tight convex lower bounding function, of arbitrary univariate functions. To
this end, guidelines for constructing the convex envelope of arbitrary functions of a single
variable inside a certain interval are presented in the following section.

3.1. Convex Envelopes of Univariate Functions

Computing the convex envelopes of arbitrary twice differentiable functions in a single
variable appears frequently as a task in many complex convex lower bounding situations.
In some cases, this is a straightforward task, for example if

¿ M>Û ª Ã&9 é�Jüû;:�Å�Ä
is convex

then its convex envelope coincides with the original function:
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l

Convex Envelope

u

dl
1

2

1

du1

l

1

a b
1 2xx

Original function

Figure 2. Convex envelope of univariate function.

Á B�¿�B Æ EµE0F�¿�B Æ E�J �îÆ M<9 é�J�û=:
if and only if

¿�B Æ E is convex in
9 é�Jüû;: p

If now
¿�B Æ E is concave, then its convex envelope is a line segment connecting the end

points of the graph of the function:

Á B�¿�B Æ EµE0F ¿�B�û E�vY¿�B:é�Eûkv é Æ�Ï ûü¿�B:é�E�v�é�¿�B�ûüEûkv é J �óÆ M>9 é�Jüû;:
Constructing the convex envelope of an arbitrary nonconvex function, however, is a much
more demanding task because its graph alternates between convex and concave portions.
In general, the convex envelope of nonconvex univariate functions is composed by different
representations in different subintervals. More specifically, the convex envelope curve
alternates between the original function (convex portions of the curve) and line segments
(concave portions) (See Figure 2). The challenge here is to locate the exact points

ý �T J�ý
? T X F¾	J p�p|p J
@
where the convex envelope changes representation from a line segment to trace

the curve of the original function and vice–versa. The number of these “switch–over”
points depends on the frequency that

¿BACADB Æ E changes sign in the interval
9 é�Jüû;:

. The actual
locations of these points depend not only on the shape of the function but also on the
location of the end points.

Locating the exact location and number of points
ý �T J�ý
? T X<F ¾	J p�p|p J�@

requires knowledge
of global information about the univariate function

¿�B Æ E in the interval
9 é�J�û;:

. More specif-
ically, the location of all unconstrained local minima

Ü � , local maxima ( � , and inflection
points ê Ü � J ê
( � is needed:



14 $�% &'%�(*)�+�)�,�).-/)�,�&0$�% )�%	1�243�5�&�).-Ü � Ã<¿DA�B�Ü � E�FzHKJ ¿DACADB�Ü � E¡�ìH( � Ã<¿DA�B ( � E0F�H�J ¿DACADB ( � E0U�Hê Ü � Ã<¿DACADB ê Ü � E F�H�J~¿DA�B ê Ü � E¡UìHê�( � Ã<¿DACADB ê�( � E�F�H�J<¿DA�B ê�( � E0��H
These points can be obtained by utilizing a robust solver guaranteed to locate all solutions
of univariate functions in an interval [13]. Due to the alternating of convex and concave
portions of the nonconvex function

¿
, there is a specific order with which these points

appear in the graph of the univariate function
¿�B Æ E which is:E�E�E 9 ê Ü�v0Ü!v ê�( v ( : � E�E�E

This naturally provides a partitioning of the initial interval
9 é�Jüû;:

into convex subintervals9 ê Ü � J ê�( � : and concave ones
9 ê�( � J ê Ü � : .

The procedure for locating the first point where the convex envelope changes represen-
tation depends on whether

¿�B Æ E is convex or concave at Æ FNé
. If

¿
is concave at Æ F é

then the initial segment of the convex envelope is a line. The next segment of the convex
envelope is the function itself starting at the point Æ where the slope

¿DA
of

¿
equals the slope

of the line connecting
é

with Æ .¿�B Æ E�vY¿�B:é�EÆ v é F�¿ A B Æ E
Note that Æ belongs to one of the convex subintervals

9 ê Ü � J ê�( � : since
¿

must be convex
at Æ . This implies that the task of locating Æ corresponds to drawing a tangent from the
fixed point

B:é�Jü¿�BDé�EµE
to each one of the convex function representations defined in the

subintervals
9 ê Ü � J ê�( � : . Because there exists a single tangent to a convex function drawn

from a point outside the a convex function [21] any standard bisection algorithm can be
utilized to locate Æ . The correct subinterval

9 ê Ü � J ê�( � : is then the one which provides a line
that does not cut-off any portion of the curve

¿�B Æ E .
If
¿

is convex at Æ FNé
, then the initial segment of the convex envelope can be either a

line or the function itself. If there exists a convex subinterval
9 ê Ü � J ê�( � :�JF�aFG,�J p|p�p where

the equation
¿�B Æ E�v ¿�BDé�E0F�¿ A B Æ E�B Æ v�éKE

has a solution Æ which defines a line that does
not cut-off any portion of the curve

¿�B Æ E then the initial segment of the convex envelope
is a line connecting the points

B�é�J�¿�B:é�E°E
and

B Æ Jü¿�B Æ E°E . Otherwise, the initial segment of
the convex envelope is the function

¿
itself. The last point of this segment Æ § is found by

locating the end points Æ § J Æ ª of the next subinterval where the convex envelope becomes
a line segment. This corresponds to drawing a common tangent to

¿
inside the intervals9 ê Ü § J ê�( § : and

9 ê Ü � J ê
( � :�JH�ÐFI,KJ p�p�p
. and is the solution of the following system of two

equations:¿�B Æ ª E�vG¿�B Æ § EÆ ª v Æ § Fz¿ A B Æ § E�F�¿ A B Æ ª E
where Æ § MJ9 ê Ü § J ê�( § : and Æ ª MK9 ê Ü � J ê�( � :4J"�aFL,KJ p�p�p . Again, the correct subinterval9 ê Ü � J ê�( � :�J"��FM,�J p|p�p is then the one for which the line connecting the points

B Æ § Jü¿�B Æ § EµE
and

B Æ ª Jü¿�B Æ ª EµE does not cut-off any portion of the curve
¿�B Æ E . The next line segment is
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then found by iteratively solving the system of two equations for locating the new pointsÆ § J Æ ª . This time however, Æ § MN9 ê Ü � J ê�( � : and Æ ª MN9 ê Ü A J ê�( A :�J/LóFO� Ï ¾¨J p�p|p
. This is

continued until the end point Æ Fùû
is met. Based on this analysis an iterative procedure is

defined for constructing the convex envelope of arbitrary univariate nonconvex functions.
In the next section, an alternative convex lower bounding method is discussed for problems
involving only signomial terms.

4. Convex Lower Bounding of Signomial Problems

A large number of systems of nonlinear equalities subject to nonlinear inequalities have or
can assume a generalized geometric problem formulation [24]:b�cedP r Q q

subject to R §A BTSãE v R ªA B�S	E>v q U�H�J L MxO�Qv R §A BTSãE ÏUR ªA B�S	E>v q U�H�J L MxO QR �A BTSãE v RWVA B�S	E0UìHKJ LNMxO�[
6 � �ìH�JJ� F ¾	J p�p|p J �

where RWXA BTSãE�F �T iZYW[\ ýµA T ÇÈ��É § 6=]B^ \�_� J�L MPORQÚJ�` FN¾¨J�,KJ�#KJ=a
Here

S>F]B 6 § J p�p|p J 6 Ç E is the positive variable vector; R XA Jb`ñFy¾¨J�,KJ�#KJ=a!J*L0MGORQ �OR[
are positive posynomial functions in

S
; c � A T are arbitrary real constant exponents;

whereas
ýµA T are given positive coefficients. Finally, sets

@ XA Jd`yF]¾	J
,�J
#�J�a
count how

many positively/negatively signed monomials form the posynomials R XA J"`^F ¾¨J�,KJ�#KJ=a
respectively. Clearly, the above formulation corresponds to a highly nonlinear optimization
problem with a nonconvex constraint set and possibly disjoint feasible region. However,
after applying the transformation,6 � Ffe h è Æ � Jg��F~¾¨J p�p�p J �
to the original formulation we obtain the following optimization problem which involves
constraints that are the difference of two convex functions.b�cedf�r Q q

subject to R §A BDC.E>v R ªA BDC.E v q UìH�J L~M~O Qv R §A BDC.E ÏhR ªA BDC.E v q UìH�J L~M~O Q
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Æ \� U Æ � U Æ `� JJ� F ¾	J p|p�p J �

where R XA BDC.E0F �T i�YW[\ ý A T e h è'i Ç� ��É § c � A T Æ �=j J�LNMPO Q J�` F ¾	J
,�J
#�J�a
A convex lower bounding formulation can be obtained by underestimating every separable
concave function with a linear function. An analysis on the convex lower bounding
procedure as well as on a number of techniques that improve the computational efficiency
of the approach are described in detail in [24].

5. Convex Lower Bounding Using k BB

For arbitrary nonconvex functions
¿ MòÛ ª Ã � C \ J�C `´� Å�Ä

, a convex lower bounding
function l of

¿
can be defined by augmenting

¿
with the addition of a separable convex

quadratic function of
C

as proposed in [23]and generalized to include equality and inequality
constraints in [4].l B:C.EGF�¿�B:C.E Ï-c Î C�\�v�C Ñ�m Î C.` v�C Ñ

n3o e
p;e c � bRg	h i*HKJ|v ¾, b�ced_q â�r q r q å � T B:C.E j
Note that c is a nonnegative parameter which must be greater or equal to the negative
one half of the minimum eigenvalue of

¿
over

C \ UNCòU~C `
. The parameter c can be

estimated either through the solution of an optimization problem or by using the concept
of the measure of a matrix. The effect of adding the extra separable quadratic term to

¿
is

to make l convex by overpowering the nonconvexity characteristics of
¿

with the addition
of the term

, c to the diagonal elements of its Hessian matrix. This function l defined over
the rectangular domain � C \ J�C ` � , involves a number of properties which enable us to use
as a tight convex lower bounding function of

¿
. These properties, whose proof is given in

[23], are as follows:

Property 1 l is a valid underestimator of
¿

.� C�M � C�\�J�C.` � J l BDC.EaUn¿�B:C.E p
Property 2 l matches

¿
at all corner points.

Property 3 l is convex in � C \ J�C ` � .
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Property 4 The maximum separation between l and
¿

is bounded and proportional to c
and to the square of the diagonal of the current box constraints.b�g	hf â ä�f�ä�f å B�¿�BDC.E'v l BDC.EµE0F ¾asc ¦ C.`�v0C�\ ¦ ª

Property 5 The underestimators constructed over supersets of the current set are always
less tight than the underestimator constructed over the current box constraints for every
point within the current box constraints.

Property 6 l corresponds to a relaxed dual bound of the original function
¿

This type of convex lower bounding is utilized for arbitrary nonconvex functions which
lack any specific structure that might enable the construction of a more customized convex
lower bounding function.

6. Procedure for Locating All Solutions

6.1. Description

A deterministic global optimization approach is proposed for locating all 7 –solutions of
nonlinear systems of equalities subject to nonlinear inequality constraints (S). By intro-
ducing a slack variable, the initial problem (S) is transformed into a global optimization
problem (P) whose multiple global minima (if any) correspond to the multiple solutions of
(S). A zero objective function value denotes the existence of a solution whereas a strictly
positive objective function value implies that (S) has no solutions. This defines a one–
to–one correspondence between solutions of the constrained system of equations (S) and
multiple global minima with an objective value of zero for problem (P). However, it has
been shown [14] that no algorithm can exactly locate all multiple global minima of (P)
with a finite number of function evaluations. A corrolary of this result [14] is that no algo-
rithm can always localize, with a finite number of function evaluations, all globally optimal
points by compact subrectangles in one–to–one correspondence with them. Therefore,
a more tractable target, than finding all exact global minima of (P), is to find arbitrarily
small disjoint subrectangles containing all globally optimal points of (P), possibly not in a
one–to–one correspondence.

These multiple 7 –global minima of (P), (if any) can then be localized based on a branch
and bound procedure involving the successive refinement of convex relaxations (R) of
the initial problem (P). Formulation (R) is obtained by replacing the nonconvex functions@ �4�����A J�v*@ �����4�A J S �4���4�T with tight, convex lower bounding functions �@ �4������ r A J �@ �������� r A J �S �4���4�T ,
by following some of the techniques discussed in the previous section. Because (R) is
convex, its global minimum within some box constraints can be routinely found with any
commercially available local optimization algorithm (e.g. MINOS 5.4 [28]) and will always
underestimate the global minimum of (P) within the same box constraints. Therefore, if
the solution of (R) inside some rectangular region is strictly positive, then the solution of
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(P) inside the same rectangular domain will also be strictly positive. A strictly positive
solution for (P) implies that the slack variable q cannot be driven to zero, and thus (S) is
guaranteed not to have any solutions inside the rectangular region at hand. This provides
a mechanism for fathoming (eliminating) parts of the target region which are guaranteed
not to contain any solutions. If on the other hand, the global minimum of (R) is negative
then (P) may or may not involve a solution with a zero slack variable and therefore no
deduction can be drawn regarding the existence or not of solutions for (S) inside the current
rectangular domain. In this case, further partitioning of the current rectangular region is
required until the global minimum of (R) becomes positive (fathoming) or a feasible point
for (P) is found (convergence).

Based on Property (3) which demands that the convex lower bounding functions �@ �4���4�� r A ,�@ �4������ r A , �S �4�����T must be tight, the maximum separation between the original functions and
the convex underestimators can become arbitrarily 7 –small by appropriately reducing the
size of the rectangular domain. This implies that as the current box constraints

9 C \ J�C ` :
collapse into a point the maximum difference 7 between the original constraint set and its
convex relaxation goes to zero. Therefore, any feasible point of problem (R) becomes at
least 7 –feasible for problem (P) by sufficiently tightening the bounds around this point.
Tighter box constraints can be realized by partitioning the current rectangular domain into
a number of smaller ones. Note that subdivision is required only for the variables which
participate in nonlinear terms appearing in (P).

One way of partitioning is to successively divide the current rectangle in two subrectangles
by halving on the middle point of the longest side of the initial rectangle (bisection). At
each iteration the lower bound of (P) is simply the infimum over all the minima of problem
(R) in every subrectangle composing the initial rectangle. Therefore, a straightforward
(bound improving) way of tightening the lower bound is to halve at each iteration, only
the subrectangle responsible for the infimum of the minima of (R) over all subrectangles,
according to the rules discussed earlier. Clearly, if the global minimum of (R) in any
subrectangle is strictly greater than zero we can safely ignore this subrectangle because
the global minimum of (P) cannot be situated inside it (fathoming step). This procedure
generates a nondecreasing sequence for the lower bound of (P) yielding a set of candidate
rectangles for containing a solution of (S). Convergence is reached when none of the
rectangles involve a negative lower bound (no solutions), or when all of the remaining
rectangles with negative lower bounds are within the prespecified size tolerance 7 ? . The
basic steps of the proposed algorithm are summarized in the following subsection.

6.2. Algorithmic Steps

STEP 0 - Initialization

A size tolerance 7 ? and a feasibility tolerance 7�t are selected and the iteration counteru 65v�w is set to one. Appropriate global bounds
C \Dxzy J�C `{xzy

on
C

are chosen and local
bounds

C \ r [�|�} ?|J�C ` r [�|�} ?
for the first iteration are set to be equal to the global ones. Finally,
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select an initial point
C � r [�|�} ?

that satisfies the linear equalities and convex inequalities of
(P).

STEP 1 - Feasibility and Convergence Check

If the maximum violation of all nonconvex constraints of (P) calculated at the current
point

C � r [�|�} ?
for (s=0) is less than 7 t ,b�g¨hd~ bRg	hA	i�j3�=�;�=�­l��� @������4�A BDC.� r [=|T} ? E �� J b�g¨hT i�j3�=�;�=��� S �������T BDC.� r [�|�} ? E��yU 7�t

then the point
C � r [�|�} ?

is a 7�t –solution of (S). Fathom current rectangle if its diagonal is less
than 7 ? ,¦ C.` r [=|T} ? v0C�\ r [�|�} ? ¦ U 7 ? p
and GO TO Step 4. Otherwise, continue with STEP 2.

STEP 2 - Partitioning of Current Rectangle

The current rectangle � C \ r [�|�} ?	J�C ` r [=|T} ? � is partitioned into the following two rectanglesB w FN¾¨J�, E
: ���������

Æ \ r [�|�} ?§ Æ ` r [�|�} ?§
...

...Æ \ r [�|�} ?� ������� Î á â�� �������¬ ������� � á å�� �������¬ ������� Ñª
...

...Æ \ r [�|�} ?Ç Æ ` r [�|�} ?Ç

���������� J
���������
Æ \ r [=|T} ?§ Æ ` r [�|�} ?§

...
...Î á â�� �������¬ ������� � á å�� �������¬ ������� Ñª Æ ` r [�|�} ?� �������

...
...Æ \ r [=|T} ?Ç Æ ` r [�|�} ?Ç

����������
where

Ü [�|�} ?
corresponds to the variable with the longest side in the initial rectangle,Ü [�|�} ? F g p;� b�g¨h� ± Æ ` r [�|�} ?� v Æ \ r [=|T} ?� ²

STEP 3 - Solution of Convex Problems Inside Subrectangles

Solve the following convex optimization problem (R) in both subrectangles
B w FN¾¨J�, E

by
using any convex nonlinear solver (e.g. MINOS 5.4 [28]). If the solution q ? r [�|�} ?s �µ� is negative
then, it is stored along with the value of the variables

C
at the solution point

C ? r [�|�} ?s �µ� . Ifq ? r [�|�} ?s �µ� is strictly positive then the element
B w J u 65v�w E is fathomed.

STEP 4 - Update Iteration Counter
u 65v�w and Lower Bound q \Dxsy

The iteration counter is increased by one,u 65v�wO� v u 65v�wÞÏ ¾
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and the lower bound q \Dxsy is updated to be the minimum solution over the stored ones
from previous iterations. Furthermore, the selected solution is erased from the stored set.q \Dxzy F q ?=� r [�|�} ?=�s �°�n3o e
p;e q ? � r [=|T} ? �s �µ� F bRced? r [ q ? r [s �µ� J w F~¾¨J�,KJ u F ¾	J p�p|p J u 65v�w vV¾ p

STEP 5 - Update Current Point
C � r [�|�} ?

and Current Bounds
C \ r [�|�} ?	J�C ` r [�|�} ?

The current point is selected to be the solution point of the previously found minimum

solution in STEP 4,C.� r [�|�} ? FoC ? � r [=|T} ? �s �°�
and the current rectangle becomes the subrectangle containing the previously found solu-
tion,

� C \ r [=|T} ?	J�C ` r [�|�} ? � F
�����������
Æ \ r [�|�} ?=�§ Æ ` r [=|T} ?=�§

...
...Æ \ r [�|�} ?=�� ������� � ± á â�� ������� �¬ ������� � � á å�� ������� �¬ ������� � ²ª

...
...Æ \ r [�|�} ? �Ç Æ ` r [=|T} ? �Ç

� ���������� J c à w A<FI¾

� C \ r [�|�} ?�J�C ` r [�|�} ? � F
�����������
Æ \ r [�|�} ? �§ Æ ` r [�|�} ? �§

...
...± á â�� ������� �¬ ������� � � á å�� ������� �¬ ������� � ²ª Æ ` r [�|�} ? �� ������� �

...
...Æ \ r [�|�} ? �Ç Æ ` r [�|�} ? �Ç

������������ J c à w A�F�,
STEP 7 - Check for Convergence

IF q \Dxzy UñH
, then return to STEP 1

Otherwise, terminate.
Mathematical proof that the proposed procedure is guaranteed to converge to a set

of disjoint rectangles containing all global minimum solutions of (P) is given based on
the analysis of a standard deterministic global optimization algorithm presented in [15].
Because the employed branch and bound technique fathoms only rectangles guaranteed
not to contain any global minima of (P) no solutions of (P) which are at least 7 ? apart
are missed. By following the proof in [23], a sufficient condition for the proposed branch
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and bound algorithm to be convergent to the global minima, requires that the bounding
operation must be consistent and the selection operation bound improving.

A bounding operation is called consistent if (i) at every step any unfathomed partition can
be further refined, and (ii) for any infinitely decreasing sequence of successively refined
partition elements the gap between the lower and upper bounds goes to zero as the iterations
go to infinity. Due to properties (1),(2),(3) of section 2 the gap between the lower and upper
bound for any partition element goes to zero as the size of the partition element goes to
zero as well. Furthermore, the employed bisection subdivision process (bisection along the
longest side) is exhaustive because the size of an infinitely partitioned element goes to zero.
Therefore, the bounding operation is consistent. Also, the employed selection operation is
bound improving because the partition element where the actual lower bound is attained is
selected for further partition in the immediately following iteration. Therefore according
to Theorem IV.3. in [15] the employed global optimization algorithm is convergent to the
global minima of (P). In the next section the proposed global optimization algorithm is
applied to a number of example problems.

7. Computational Results

In this section, a number of test problems are addressed which are aimed at determining
the ability of the approach to find all solutions of constrained systems of equations with
reasonable computational requirements. The proposed branch and bound convex lower
bounding algorithm has been implemented in GAMS [5] and computational times are
reported for all examples on a HP–730 workstation with size and feasibility tolerances of¾|H � V .
Example 1. The first example involves the location of all the stationary points of the
Himmelblau function as described in [33].a Æ � § Ï a Æ § Æ ª Ï , Æ ªª vga�, Æ § vÞ¾)a~FIHa Æ � ª Ï , Æ ª § Ï a Æ § Æ ª v$,�� Æ ª v$,�,NFIHv�� p H½U Æ § U�� p Hv�� p H½U Æ ª U�� p H
First, the change of variablesÊ § F ¾ p H ÏK�¾�H B Æ § Ï � p H E�J Ê ª F ¾ p H Ï��¾�H B Æ ª Ï � p H�E
is performed which ensures that all variable are positive. This results in the following
system of equations:,��� Ê � § v #�H��� Ê ª§ v ,�H��� Ê ª Ï ,��� Ê § Ê ª Ï ¾��� Ê ªª Ï ¾ �¾�¾ Ê § vò¾òFIH



22 $�% &'%�(*)�+�)�,�).-/)�,�&0$�% )�%	1�243�5�&�).-,¾�,!¾ Ê �ª v # H¾�,�¾ Ê ªª Ï ,¾�,�¾ Ê § Ê ª Ï ¾�, �¾�,!¾ Ê ª Ï ¾¾�,�¾ Ê ª§ v , H¾�,�¾ Ê § vò¾òFIH¾ p H½U Ê § Uþ¾�H p H¾ p H½U Ê ª Uþ¾�H p H
Then the exponential variable transformation, as described in section 4, is applied. The
resulting problem is solved in 197 iterations and 10.89 seconds of CPU time. All nine
solutions are found and shown in Table 1.

Table 1. Nine solutions of
Example 1 1¡�¢�£ ¤�¥� ¤�¥�

1 -0.2709 -0.9230
2 -0.1279 -1.9538
3 3.5844 -1.8481
4 3.3852 0.0739
5 3.0000 2.0000
6 0.0867 2.8843
7 -2.8051 3.1313
8 -3.0730 -0.0814
9 -3.7793 -3.2832

Example 2. This example addresses the equilibrium of the products of a hydrocarbon
combustion process [25]. The problem is reformulated in the “element variables” space.

Ê § Ê ª Ï0Ê § v$# Ê�¦ F�H, Ê § Ê ª Ï¡Ê § Ï #�§ § u Ê ªª Ï¡Ê ª Ê ª� Ï §W¨ Ê ª Ê � Ï §W© Ê ª Ê V Ï §«ª Ê ª v$§ Ê�¦ F�H, Ê ª Ê ª� Ï § ¨ Ê ª Ê � Ï ,�§ ¦ Ê ª� Ï §W¬ Ê �/v$­ Ê ¦ F�H§d© Ê ª Ê V Ï , Ê ªV v1a
§ Ê�¦ F�HÊ § Ê ª Ï0Ê § Ï § § u Ê ªª Ï�Ê ª Ê ª� Ï § ¨ Ê ª Ê � Ï § © Ê ª Ê VÏ § ª Ê ª Ï § ¦ Ê ª� Ï §d¬ Ê � Ï�Ê ªV vÞ¾ùF�HH p H H�H�¾nU Ê � Uz¾�H�H p HKJg�.F ¾	J p|p�p J��
The values of the parameters

§}J
§ � J���F>�KJ p�p|p Jã¾�H
are shown in Table 2. Using the

exponential variable transformation described in section 4, the single solution of the
problem is found after 631 iterations and 31.7 seconds of CPU time (see Table 3).

Example 3. This example [6] addresses a badly scaled systems of equations:
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¾|H V Æ § Æ ª vV¾ùF�He h èÐBµv Æ § E Ï e h èÐB°v Æ ª E�vn¾ p H�H�¾VF�H� p a � H�¾�H � ¬ U Æ § U�a p ����#, p ¾ � ��¾�H � � U Æ ª UI¾�­ p ,!¾|H
The bilinear terms Æ § Æ ª J�v Æ § Æ ª are underestimated based on the analysis in section 3,
and the terms

e h è}Bµv Æ § E J=e h è/B�v Æ ª E are convex, however,
v®e h è�B°v Æ § E�J�v¯e h èÐB°v Æ ª E are

univariate concave terms and are convex lower bounded with a line segment.
After 32 iterations and 1.5 seconds of CPU time, it is shown thatB Æ { § J Æ {ª E�F�B�H p H�H�H H�¾)a
��H�� � J
� p ­ � #�#���,�­ � E

is a unique solution to the problem. Note that, the second solution
B Æ § J Æ ª E FB�H p H�H�H H�¾�H � ­KJ � p ¾�H��	E reported in [6] does not satisfy the nonlinear equations.

Example 4. This test example [11], involves a blend of trigonometric and exponential
terms.

H p ��æ ced B Æ § Æ ª E�vYH p ,�� Æ ª %�° v0H p � Æ § FIHB�¾av0H p ,�� %�° E!B�e h è}B±, Æ § E�v v E Ï²vãÆ ª %�° v³, v	Æ § FIHH p ,��½U Æ § Uþ¾¾ p �½U Æ ª U�� p ,�­
The c –based underestimation, described in section 5, was chosen to address the convex
lower bounding of the term

æ ced B Æ § Æ ª E . The eigenvalues of this term are equal to:� § r ª FIv ¾, Î Æ ª § ÏVÆ ªª Ñ.æ ced B Æ § Æ ª E´ ¾,�µ aÐv-­ Æ § Æ ª æ ced B Æ § Æ ª E�¶
· æ�B Æ § Æ ª E Ï¹¸ B Æ ª § ÏVÆ ªª E ª v³a�º�æ ced B Æ § Æ ª E ª ,
A lower bound on this expression is then:� X �e� ��v b�g¨h � B Æ \ § E ª J�B Æ ` § E ª � v b�g¨h � B Æ \ ª E ª J�B Æ `ª E ª �
Therefore,
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Two solutions are found for this problem in 45 iterations and 2.0 seconds of CPU time (see
Table 4). Note that, both solutions were missed in [6].

Example 5. This test problem is Brown’s almost linear system [17]., Æ § ÏGÆ ª ÏVÆ � ÏVÆ V ÏVÆ ¦ v»�NF HÆ § Ï , Æ ª ÏVÆ � ÏVÆ V ÏVÆ ¦ v»�NF HÆ § ÏVÆ ª Ï , Æ � ÏVÆ V ÏVÆ ¦ v»�NF HÆ § ÏVÆ ª ÏÞÆ � Ï , Æ V ÏVÆ ¦ v»�NF HÆ § Æ ª Æ � Æ V Æ¼¦ vn¾òF Hv", U Æ � UK,�Jg��F~¾¨J p�p�p J
�
This system exhibits two solutions: shown in Table 5. The c parameter was used to convex
lower bound the last and only nonconvex constraint. The computational requirements for
different values of c are shown in Table 6. Note that the total number of iterations remains
relatively small even for very large values of c . Moreover, a value of c of as small as one
appears to be sufficient.

Example 6. This example addresses a robot kinematics problem [17].a p � #�¾�¾�H � � Æ § Æ �av¡H p #�� � ­ Æ ª Æ �ÚvYH p ¾�,�#�­ Æ § ÏVÆ ¨v�¾ p ��# � ¾|H � � Æ ª vYH p � #�#�­ Æ V vGH p #�� � ¾VF�HH p ,�,�#�­ Æ § Æ � Ï H p � ��,�# Æ ª Æ � Ï H p ,���#�­ Æ § v Æ ¨v*H p H ��� a
� Æ ª vYH p � � #�a Æ V vGH p ��H�,�,½F�H
Æ ¬ Æ ª Ï H p #�� � ­ Æ § Ï a p � #!¾�¾|H � � Æ ª F�Hv*H p � ��,�# Æ vò¾ Ï H p ,�,�#�­ Æ ª Ï H p #�a���¾VF�H

Æ ª § ÏGÆ ªª vÞ¾½F�H
Æ ª� ÏGÆ ªV vÞ¾½F�H
Æ ª¦ ÏGÆ ª¬ vÞ¾½F�H
Æ ª¨ ÏGÆ ªª vÞ¾½F�H
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The only nonconvex terms in the formulation are the bilinear terms Æ § Æ �	J Æ ª Æ �	J Æ ¬ Æ ª and
are convex lower bounded based on the analysis of section 3. All distinct 16 solutions of
this problem are found in 2188 iterations and 109.58 seconds of CPU time.

Example 7. This example involves the solution of a circuit design problem with extraor-
dinary sensitivities to small perturbations [32] leading to the following set of equations.

B�¾av Æ § Æ ª E Æ � ! e h è �eÆ&¦ Î S § T v S � T Æ ¨ ¾|H � � v S ¦ T Æ ª ¾|H � � Ñ � vò¾ ßv S ¦ T Ï S V T Æ ª F�HKJ¡X F ¾	J p|p�p J�a
B�¾av Æ § Æ ª E Æ V ! e h è � Æ ¬ Î S § T v S ª T v S � T Æ ¨ ¾|H � � Ï S V T Æ ©¨¾|H � � Ñ � vò¾ ßv S ¦ T Æ § Ï S V T F�H�J X F ¾	J p|p�p J�a

Æ § Æ � v Æ ª Æ V F�HH U Æ � Uz¾�H�J1� F ¾	J p|p�p J �
where X F ¾ X FN, X<FN# X F½aS § T H p a�­���H H p � ��, H H p ­�� � H H p � ­�,�HS ª T H p #�� � H ¾ p ,���a�H H p � H�# H ¾ p a�����HS � T � p , H � � ¾|H p H�� ��� ,�, p � , � a ,�H p ,!¾���#S V T ,�# p # H�# � ¾|H!¾ p ��� � HN¾ ¾�¾ p a���¾�H~¾ � ¾ p ,�� � HS ¦ T ,�­ p �!¾�#�, ¾�¾ ¾ p ­�a�� � ¾�#�a p #�­�­�a¾,!¾�¾ p a�­�,�#
The c parameter was utilized to convex lower bound the various nonlinear terms. The
single solution of the problem,¿ÀÀÀÀÁ Æ { § F�H p ­ ��������� J Æ {¬ F � p ����� � � #Æ {ª F�H p a�a ��� ­ � J Æ {¨ F�� p H�H�H H�#!¾Æ {� Fú¾ p H H�H H�H��KJ Æ {ª FWH p ������� ­�­Æ {V FK, p H H�H H�� � J Æ {© F�, p H�H�H H���,Æ {¦ F � p ������� � ¾¨J

Â�ÃÃÃÃÄ
was first reported in reference [32]. Computational requirements for various values of c
are shown in Table 7. Note that these CPU requirements are only a small fraction of the
ones reported in [32].

Furthermore, after relaxing the variable bounds tov�¾|HxU Æ � Uþ¾�H�Jg�.F ¾	J p�p|p J �
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a second solution was found¿ÀÀÀÀÁ Æ { § F H p ­�,�#�,�,���J Æ {¬ F v�, p � ��� H � ,Æ {ª F v*H p ����#�,�­��KJ Æ {¨ F � p H�a
����a��Æ {� F H p � � ¾�­ � ­�J Æ {ª F H p � � � � a�HÆ {V F v*H p ����� � ��� J Æ {© F ví¾ p � H�­�a
­ �Æ {¦ F ­ p ­���a���,�� p

Â ÃÃÃÃÄ
which was missed in all previous attempts at solving this problem.

8. Summary and Conclusions

In this paper a deterministic branch and bound type algorithm was proposed for locating
all 7 –global solutions of certain classes of constrained systems of nonlinear equations. The
approach is based on the one–to–one correspondence between the multiple solutions of
the nonlinear systems and the multiple global minima with a zero objective value for the
resulting nonconvex optimization problem. All multiple 7 –global minima of the nonconvex
optimization problem are localized based on a construction of upper bounds with function
evaluations and lower bound on the global minimum solution through the convex relaxation
of the constraint set and the solution of convex minimization problems. Based on the form of
the participating functions, a number of alternative techniques for constructing this convex
relaxation are proposed. In particular, by taking advantage of the properties of products
of univariate functions, customized convex lower bounding functions are introduced for
a large number of expressions that are or can be transformed into products of univariate
functions. The utility of these convex lower bounding functions transcends the specifics of
the root finding problem because they can be incorporated in any convex lower bounding
algorithm. Alternative convex relaxation procedures involve either the difference of two
convex functions employed in c BB [23] or the exponential variable transformation based
underestimators employed for generalized geometric programming problems [24]. The
proposed branch and bound approach is guaranteed to localize all 7 –solutions of (S) within
arbitrarily small rectangles in a finite number of iterations. A number of example problems
from many areas of research have been addressed and in all cases, convergence to all
multiple solutions was achieved with reasonable computational effort. Furthermore, in
certain cases new solutions were identified.
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Appendix A

Convex Lower Bounding Examples of Univariate Functions

In this appendix a number of convex lower bounding situations are examined.
(1) Bilinear terms

The convex underestimation of bilinear terms Æ!Ê inside the rectangular region �ËÆ \ J Æ `.�/Ì� Ê \ J Ê ` � can be handled by invoking Theorem (1) and setting
¿�B Æ EkF Æ and S B Ê EaF Ê :Æ!Ê � b�g¨h ! Æ \ Ê;Ï�Ê \ Æ v Æ \ Ê \�JÆ ` Ê;Ï0Ê ` Æ v Æ ` Ê `/ß

Note that, the lower bounding procedure can be applied to a negatively–signed bilinear
term

v Æ!Ê by setting
¿�B Æ E'F v Æ and S B Ê E'F Ê :v Æ�Ê � b�g¨h ! v Æ ` Ê v Ê \ Æ�ÏVÆ ` Ê \kJv Æ \ Ê v Ê ` Æ�Ï�Æ \ Ê ` ß

Because in this case
¿�B Æ E�J S B Ê E are linear and therefore concave functions, we have from

Theorem (2) that the obtained convex lower bounding functions are identical to the convex
envelopes as were first derived by [3].

(2) Fractional terms
Convex lower bounding of the linear fractional term Æ % Ê inside the rectangular region� Æ \ J Æ ` � Ì � Ê \ J Ê ` � can also be accomplished based on Theorem (1) by selecting

¿�B Æ E'F Æ
and S B Ê EaF §Å :

ÆÊ � b�g¨h ~ Á 6 Æ \Ê 7 ÏVÁ 6 ÆÊ ` 7 v 6 Æ \Ê ` 7 JÁ 6 Æ `Ê 7 ÏGÁ 6 ÆÊ \ 7 v 6 Æ `Ê \ 7 � p
Note that, Á ± áÅ â ² F áÅ â J Á ± áÅ å ² F áÅ å and

Á 6 Æ \Ê 7 FJi á âÅ if Æ \ �ìHá â B Å â � Å å � Å EÅ â Å å if Æ \ ³ìH J
Á 6 Æ `Ê 7 FJi á åÅ if Æ ` �ìHá å B Å â � Å å � Å EÅ|â�Å|å if Æ \ ³ìH p

Therefore,ÆÊ � b�g¨h ÆÇÈ ÇÉ
��� á âÅ Ï áÅ å vNá âÅ å if Æ \ �ìH

áÅ å v á â ÅÅ â Å å Ï á âÅ â if Æ \ ³ìH
� ��
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áÅ â v á å ÅÅ â Å å Ï á åÅ å if Æ ` ³ñH

� ���Ê ÇËÇÌ
The same approach can be used for negatively–signed linear fractional terms. In this case,
however, we have

¿�B Æ E�F Æ , S B Ê E�F v�¾ % Ê . After following the same analysis we obtain:v ÆÊ � bRg	h ÆÇÈ ÇÉ
��� v<á âÅ vñáÅ â Ï á âÅ â if Æ \ UñH
v~áÅ â Ï á â ÅÅ â Å å vNá âÅ å if Æ \   H

� ����� v<á åÅ vzáÅ å Ï á åÅ å if Æ ` UìH
v áÅ å Ï á å ÅÅ â Å å v á åÅ â if Æ `   H

� ��ÍÊ ÇËÇÌ
(3) Trilinear terms

From Theorem (3) we know that a possible convex lower bounding function of Æ!Ê�Î inside
the rectangular region � Æ \ J Æ ` � Ì � Ê \ J Ê ` � Ì � Î \ J Î ` � with Æ \ J Ê \ J Î \ �ìH

is:Æ!Ê�Î � q u F b�g¨h ! Æ \ q § ÏVÆ�q \ § v Æ \ q \ § J Æ ` q § ÏÞÆ�q ` § v Æ ` q ` § ß
where q § F b�g¨h ! Ê \ Î*Ï�Ê�Î \�v Ê \ Î \�J Ê ` Î*Ï�Ê�Î `�v Ê ` Î ` ß

and q \ § F Ê \ Î \ J q ` § F Ê ` Î `
However, Theorem (4) states that there exist three different convex lower bounding schemes
for trilinear terms. These other two alternatives are:Æ!Ê�Î � q u F b�g¨h ! Ê \ q § Ï�Ê4q \ § v Ê \ q \ § J Ê ` q § Ï0Ê�q ` § v Ê ` q ` § ß

where q § F b�g¨h ! Æ \ Î*ÏVÆDÎ \�v Æ \ Î \�J Æ ` ÎÐÏGÆBÎ ` v Æ ` Î `wß
and q \ § F Æ \ Î \�J q ` § F Æ ` Î `Æ!Ê�Î � q u F b�g¨hÏ! Î \ q § Ï³Î�q \ § v Î \ q \ § J Î ` q § Ï³Î4q ` § v Î ` q ` § ß

where q § F b�g¨hÏ! Æ \ Ê;ÏVÆ!Ê \ v Æ \ Ê \ J Æ ` Ê�ÏGÆ!Ê ` v Æ ` Ê `Úß
and q \ § F Æ \ Ê \'J q ` § F Æ ` Ê `

After eliminating q u J q § and substituting for q \ § J q ` § we obtain for the three different convex
lower bounding schemes:Æ!Ê�Î � bRg	h ! Æ!Ê \ Î \ ÏGÆ \ Ê�Î \ Ï�Æ \ Ê \ Î v³, Æ \ Ê \ Î \�JÆ!Ê ` Î ` ÏGÆ ` Ê�Î \ ÏVÆ ` Ê \ Î v Æ ` Ê \ Î \ v Æ ` Ê ` Î ` JÆ!Ê \ Î \ ÏÞÆ \ Ê�Î ` ÏÞÆ \ Ê ` Î v Æ \ Ê ` Î ` v Æ \ Ê \ Î \�JÆ!Ê ` Î ` ÏGÆ ` Ê�Î ` Ï�Æ ` Ê ` Î v-, Æ ` Ê ` Î ` ß
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Æ!Ê�Î � bRg	h�! Æ!Ê \ Î \ ÏGÆ \ Ê�Î \ Ï�Æ \ Ê \ Î v³, Æ \ Ê \ Î \ JÆ!Ê ` Î \ ÏVÆ ` Ê�Î ` ÏVÆ \ Ê ` Î v Æ \ Ê ` Î \Rv Æ ` Ê ` Î `aJÆ!Ê \ Î ` ÏVÆ \ Ê�Î \ ÏÞÆ ` Ê \ Î v Æ ` Ê \ Î ` v Æ \ Ê \ Î \ JÆ!Ê ` Î ` ÏGÆ ` Ê�Î ` Ï�Æ ` Ê ` Î v-, Æ ` Ê ` Î ` ßÆ!Ê�Î � bRg	h ! Æ!Ê \ Î \ ÏGÆ \ Ê�Î \ Ï�Æ \ Ê \ Î v³, Æ \ Ê \ Î \�JÆ!Ê \ Î ` ÏVÆ \ Ê�Î ` ÏVÆ ` Ê ` Î v Æ \ Ê \ Î ` v Æ ` Ê ` Î ` JÆ!Ê ` Î \ ÏVÆ ` Ê�Î \ ÏVÆ \ Ê \ Î v Æ ` Ê ` Î ` v Æ \ Ê \ Î \ JÆ!Ê ` Î ` ÏGÆ ` Ê�Î ` Ï�Æ ` Ê ` Î v-, Æ ` Ê ` Î ` ß
The combination of all three convex lower bounding alternatives yields the following eight
linear functions in Æ J Ê J Î whose maximum is a tight convex lower bounding function forÆ!Ê�Î : Æ!Ê�Î � bRg	h ! Æ!Ê \ Î \ ÏGÆ \ Ê�Î \ Ï�Æ \ Ê \ Î v³, Æ \ Ê \ Î \ JÆ!Ê ` Î ` ÏGÆ ` Ê�Î \ ÏVÆ ` Ê \ Î v Æ ` Ê \ Î \Rv Æ ` Ê ` Î `aJÆ!Ê \ Î \ ÏÞÆ \ Ê�Î ` ÏÞÆ \ Ê ` Î v Æ \ Ê ` Î ` v Æ \ Ê \ Î \�JÆ!Ê ` Î \ ÏVÆ ` Ê�Î ` ÏVÆ \ Ê ` Î v Æ \ Ê ` Î \ v Æ ` Ê ` Î ` JÆ!Ê \ Î ` ÏVÆ \ Ê�Î \ ÏÞÆ ` Ê \ Î v Æ ` Ê \ Î ` v Æ \ Ê \ Î \ JÆ!Ê \ Î ` ÏVÆ \ Ê�Î ` ÏVÆ ` Ê ` Î v Æ \ Ê \ Î ` v Æ ` Ê ` Î ` JÆ!Ê ` Î \ ÏVÆ ` Ê�Î \ ÏVÆ \ Ê \ Î v Æ ` Ê ` Î ` v Æ \ Ê \ Î \�JÆ!Ê ` Î ` ÏGÆ ` Ê�Î ` Ï�Æ ` Ê ` Î v-, Æ ` Ê ` Î ` ß p

(4) Fractional trilinear terms
From Theorems (3), (4) we have that the three convex lower bounding alternatives for

á�ÅÐ
inside the rectangular region � Æ \ J Æ ` � Ì � Ê \ J Ê ` � Ì � Î \ J Î ` � with Æ \ J Ê \ J Î \ ��H

are:Æ!ÊÎ � q u F b�g	h ! Æ \ q § ÏVÆ�q \ § v Æ \ q \ § J Æ ` q § ÏVÆ�q ` § v Æ ` q ` § ß
where q § F b�g	h ~ Ê \Î Ï ÊÎ ` v Ê \Î ` J Ê `Î Ï ÊÎ \ v Ê `Î \ �

and q \ § F Ê \Î ` J q ` § F Ê `Î \Æ!ÊÎ � q u F b�g	h ! Ê \ q § ÏGÊ�q \ § v Ê \ q \ § J Ê ` q § Ï¡Ê4q ` § v Ê ` q ` § ß
where q § F b�g	h ~ Æ \Î Ï ÆÎ ` v Æ \Î ` J Æ `Î Ï ÆÎ \ v Æ `Î \ �

and q \ § F Æ \Î ` J q ` § F Æ `Î \
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Æ!ÊÎ � q u F b�g	h ~ Î \q ¾ Ï Îq ` § v Î \q ` § J Î `q ¾ Ï Îq \ § v Î `q \ § �
where q § F b�g	hÏ! Æ \ Ê;ÏGÆ!Ê \ v Æ \ Ê \ J Æ ` Ê;ÏVÆ�Ê ` v Æ ` Ê `/ß

and q \ § F Æ \ Ê \kJ q ` § F Æ ` Ê `
Again, after eliminating q � J q § and replacing q \ § J q ` § we obtain:

Æ!ÊÎ � b�g¨h ~ Æ�Ê \Î ` Ï Æ \ ÊÎ ` Ï Æ \ Ê \Î v-, Æ \ Ê \Î ` J
Æ�Ê \Î ` Ï Æ \ ÊÎ \ Ï Æ \ Ê `Î v Æ \ Ê `Î \ v Æ \ Ê \Î ` JÆ�Ê `Î \ Ï Æ ` ÊÎ ` Ï Æ ` Ê \Î v Æ ` Ê \Î ` v Æ ` Ê `Î \ JÆ�Ê `Î \ Ï Æ ` ÊÎ \ Ï Æ ` Ê `Î v³, Æ ` Ê `Î \ �

Æ!ÊÎ � b�g¨h ~ Æ�Ê \Î ` Ï Æ \ ÊÎ ` Ï Æ \ Ê \Î v-, Æ \ Ê \Î ` J
Æ�Ê `Î ` Ï Æ ` ÊÎ \ Ï Æ \ Ê `Î v Æ \ Ê `Î ` v Æ ` Ê `Î \ JÆ�Ê \Î ` Ï Æ \ ÊÎ \ Ï Æ ` Ê \Î v Æ ` Ê \Î \ v Æ \ Ê \Î ` JÆ�Ê `Î \ Ï Æ ` ÊÎ \ Ï Æ ` Ê `Î v³, Æ ` Ê `Î \ �

Æ!ÊÎ � b�g¨h ~ Æ�Ê \Î ` Ï Æ \ ÊÎ ` Ï Æ \ Ê \Î v-, Æ \ Ê \Î ` J
Æ�Ê \Î \ Ï Æ \ ÊÎ \ Ï Æ ` Ê `Î v Æ \ Ê \Î \ v Æ ` Ê `Î \ JÆ�Ê `Î ` Ï Æ ` ÊÎ ` Ï Æ \ Ê \Î v Æ ` Ê `Î ` v Æ \ Ê \Î ` JÆ�Ê `Î \ Ï Æ ` ÊÎ \ Ï Æ ` Ê `Î v³, Æ ` Ê `Î \ �

After combining all three convex lower bounding alternatives, we obtain the following eight
convex functions in Æ J Ê J Î whose maximum is a tight convex lower bounding function forÆ!Ê�Î :
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Æ!ÊÎ � b�g¨h ~ Æ�Ê \Î ` Ï Æ \ ÊÎ ` Ï Æ \ Ê \Î v-, Æ \ Ê \Î ` J
Æ�Ê \Î ` Ï Æ \ ÊÎ \ Ï Æ \ Ê `Î v Æ \ Ê `Î \ v Æ \ Ê \Î ` JÆ�Ê `Î \ Ï Æ ` ÊÎ ` Ï Æ ` Ê \Î v Æ ` Ê \Î ` v Æ ` Ê `Î \ JÆ�Ê `Î ` Ï Æ ` ÊÎ \ Ï Æ \ Ê `Î v Æ \ Ê `Î ` v Æ ` Ê `Î \ JÆ�Ê \Î ` Ï Æ \ ÊÎ \ Ï Æ ` Ê \Î v Æ ` Ê \Î \ v Æ \ Ê \Î ` JÆ�Ê `Î ` Ï Æ ` ÊÎ \ Ï Æ \ Ê `Î vNÆ \ Ê `Î ` v Æ ` Ê `Î \ JÆ�Ê \Î ` Ï Æ \ ÊÎ \ Ï Æ ` Ê \Î v Æ ` Ê \Î \ v Æ \ Ê \Î ` JÆ�Ê `Î \ Ï Æ ` ÊÎ \ Ï Æ ` Ê `Î v³, Æ ` Ê `Î \ � p

Appendix B

Convexity/Concavity Identification of Generalized Polynomial Terms

In this appendix, necessary and sufficient conditions are provided for convexity/concavity
of generalized polynomial terms of the form:� ÇÈ��É § Æ¼Ñ ^� �VJ ê � MIÒ/J���F~¾¨J p�p|p J �
Generalized polynomial terms are a special case of products of univariate functions by
selecting

¿ � B Æ � E�F Æ&Ñ ^� . First, the two variable case
¿�F Æ&Ó�Ê�Ô is considered.Ò*Ó�Ô�Õ�Ö�Ô�×�Õ

If one of the following conditions holds,

(1) Æ J Ê �ñH
.

(2)
é�Jüû

are even integers.

(3)
é�Jüû

are odd integers, and Æ!Ê �òH
.

(4)
é�Jüû

are integers,
é

is odd,
û

is even, and Æ �nH
.

(5)
é�Jüû

are integers,
é

is even,
û

is odd, and Ê �nH
then (a)

¿RF Æ¼Ó�Ê
Ô is convex in
B Æ J Ê E if one of the following is true:
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(i)

éxU�H�J�û�U�H
.

(ii)
éxUìHKJ*¾av é}v¡ûnUìH

.

(iii)
ûVUìHKJ*¾avYé}vYûnUñH

.

and (b)
¿�F Æ&Ó Ê
Ô is concave in

B Æ J Ê E if

(i)
éx��H�J�û���H�J�é Ï ûVUz¾

Proof: The function
¿�F Æ¼Ó�Ê
Ô is convex in

B Æ J Ê E only if all the eigenvalues of the Hessian
matrix Ö of

¿
are positive. The Hessian matrix Ö includes the second order derivatives of¿

with respect to Æ and Ê .Ö F �Ø×�Ù t× á Ù ×�Ù t× á × Å× Ù t× Å × á × Ù t× Å Ù �
where

¿ á|á F ×�Ù t× á Ù Fzé/B:é}vò¾|E Æ¼Ó � ª Ê
Ô¿ á�Å F × Ù t× á × Å F × Ù t× Å × á Fzé�û Æ¼Ó � § Ê
Ô � §¿ Å
Å F × Ù t× Å Ù FWû�B�ûkvÞ¾|E Æ&Ó�Ê�Ô � ª
The eigenvalues

�
of Ö are the roots of the characteristic equation:� ª vÚ9Í¿ á�á Ï ¿ Å)Å :Z� Ï � ¿ á|á ¿ Å
Å vY¿ ªá�Å � F�H

This equation accepts only positive roots if and only if:¿ á|á Ï ¿ Å
Å �zH¿ á�á ¿ Å
Å vG¿ ªá�Å �zH
After substituting the expressions for

¿ á�á Jü¿ Å
Å J�¿ á�Å we have,Æ Ó � ª Ê Ô � ª � é/B:é}vò¾|E Ê ª Ï û�B�ûkvÞ¾�E Æ ª�� �zHÊ ª Ô � ª Æ ª Ó � ª 9 éKû�B�¾av0é�vYû ET:0�zH p
Note that Æ ª Ó � ª Ê ª Ô � ª is always positive and furthermore Æ&Ó � ª Ê�Ô � ª is also positive if one
of the conditions (1)–(5) is true. In this case, the conditions for positivity of eigenvalues
can be rewritten as:é/B:é�vV¾|E Ê ª Ï û�B�ûkvò¾|E Æ ª �zHéKûãB�¾av é}vGûüEV�zH p
These conditions are satisfied for every Æ J Ê M-Ò

only if all the following inequalities are
satisfied:

(i)
é/B:é vV¾|E¡�ìH

,

(ii)
û�B�ûkvÞ¾|E¡�ìH

,

(iii)
é�û�B�¾av é v0ûüE0��H
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These inequalities decompose into the following three disjoint sufficient conditions for
convexity of

¿RF Æ¼Ó�Ê
Ô assuming that one of the requirements (1)–(5) is true.

(i)
éxU�H�J�û�U�H

.

(ii)
éxUìHKJ*¾av é}v¡ûnUìH

.

(iii)
ûVUìHKJ*¾avYé}vYûnUñH

.

Note that the requirements
ûî� ¾

in (ii) and
é¡� ¾

in (iii) are implied by the other two
inequalities, and therefore are not included.

The same analysis applies for checking concavity of
¿NF Æ&Ó Ê
Ô . The characteristic

equation accepts only negative roots if and only if¿ á|á Ï ¿ Å
Å UzH¿ á�á ¿ Å
Å vG¿ ªá�Å �zH
After some algebra we obtain the following set of conditions for concavity of

¿
.

(i)
é/B:é vV¾|E¡UìH

,

(ii)
û�B�ûkvÞ¾|E¡UìH

,

(iii)
é�û�B�¾av é v0ûüE0��H

which alternatively can be written as

(i)
éx��H�J�û���H�J�é Ï ûVUz¾

Note that if the term Æ¼Ó � ª Ê
Ô � ª is always negative, the conditions for convexity/concavity
are reversed.Ò*Ó�Ô�Õ�Ö�Ô�×�Û

If one of the following conditions holds,

(1)
é�Jüû

are odd integers, and Æ!Ê UòH
.

(2)
é�Jüû

are integers,
é

is odd,
û

is even, and Æ UnH
.

(3)
é�Jüû

are integers,
é

is even,
û

is odd, and Ê UnH
then (a)

¿RF Æ¼Ó�Ê
Ô is concave in
B Æ J Ê E if one of the following is true:

(i)
éxU�H�J�û�U�H

.

(ii)
éxUìHKJ*¾av é}v¡ûnUìH

.

(iii)
ûVUìHKJ*¾avYé}vYûnUñH

.
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and (b)

¿�F Æ&Ó Ê
Ô is convex in
B Æ J Ê E if

(i)
éx��H�J�û���H�J�é Ï ûVUz¾

The proof of Theorem 6 is completely equivalent with that of Theorem 5 and therefore it
is omitted.

A similar set of conditions for convexity/concavity can be obtained for the general n–
dimensional case. For the sake of simplicity, we assume that Æ � �ùH�JF�aFx¾	J p|p�p � which
can always be achieved with simple rescaling of variables.Ò*Ó�Ô�Õ�Ö�Ô�×�Ü

The function
¿>Ã�Ò Ç � ÅUÒ � J�¿�BDC.E0F Ç+��É § Æ&Ñ ^� is (a) is convex in

C M	Ò Ç � if

one of the following conditions is true:

(i) ê � UìH�J � �.F ¾	J p�p|p J �
(ii)

¢íL
such that ê A½�W¾av Ç���ÝÉ A ê � J and ê � UìHKJ � �3ÞFVL	J���F~¾¨J p�p|p J �

and (b) is concave in
C>M	Ò Ç � if

(i) ê � �ìH�J � �.F ¾	J p�p|p J � J
and Ç�� É § ê � Uz¾

Proof: The second order derivatives of
¿�F Ç+��É § Æ¼Ñ ^� are equal to:

¿ � AòF ß ª ¿ß Æ � ß Æ A F i Ñ ^ Ñ \á ^ á \ ¿!J �"ÞFnLÑ ^ 2 Ñ ^ � §�4á Ù ^ ¿�Jb� FnL
The expansion of the Hessian matrix of

¿
yields the following characteristic equation:� Ç Ï-à Ç � § B±ákJ�C�E;� Ç � § Ï E�E�E Ï-à § B±ákJ�C�E5� ÏÚà u B±ákJ�C.E�F�H

where à Ç � § B±ákJ�C�E�F Ç� ��É § ê � B�¾av ê � EÆ ª� ¿
à Ç � ª B±ákJ�C�E�F Ç � §� � É § Ç�A É�� � § ê � ê A'Bü¾av ê � v ê A	EÆ ª�|Æ ªA ¿ ª

...
F ...à Ç � T B±ákJ�C�E�F � â _ T+A É § ê � \ ��¾av T�A É § ê � \ �T+A É § Æ ª� \ ¿ T
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...
F ...à u B±ákJ�C�E�F Ç+��É § ê � 6 ¾av Ç���É § ê � 7Ç+� É § Æ ª� ¿ Ç p

Note that the sets ã T J�X F ¾	J p|p�p J � contain all possible ways that
X

elements of the set N
can be selected.O F Ý � Ã�¾/UØ�'U �1äã T F Ý BT� § J p�p�p J�� T E0ÃH�eA�M<O½J'L�FN¾	J p�p|p JüX

and
� § ³Ú� ª ³ p�p�p ³Ø� T ä J�XëF ¾	J p�p|p J �

A sufficient condition for the characteristic equation not to accept any negative roots is that
all terms à Ç � T B�ákJ�C�E5� Ç � T JëX>F�¾	J p|p�p J � maintain constant sign for every

��³PH
and

for every
C�MåÒ Ç � . More specifically, all terms à Ç � T B�ákJ�C.E;� Ç � T J�X<F~¾¨J p�p|p J � must be

positive when N is even and negative if N is odd. This is satisfied if,

� X<FN¾ p�p|p J � J à Ç � T B±ákJ�æ�E ~ UWH�J
if
X

is odd�WH�J
if
X

is even
� C M	Ò Ç �

These relations must be satisfied for every positive x, therefore they can be written equiva-
lently as:

� X<FN¾ p�p|p J � J ¿Á TÈA É § ê � \ ÂÄ ¿Á ¾av T�A É § ê � \ ÂÄ ~ UWHKJ
if
X

is odd�WHKJ
if
X

is even

for all
BT� § J p|p�p J=� T E0M ã T . Note that if ê � UòH�Jç� F ¾	J p|p�p J � then

� X<FN¾ p�p|p J � J ¿Á ¾av T�A É § ê � \ ÂÄ �ñH
and

¿Á TÈA É § ê � \ ÂÄ ~ UzH�J
if
X

is odd�zH�J
if
X

is even

for all
BT� § J p|p�p J�� T E_M ã T , which implies that the characteristic equation accepts only

positive roots for all
C M	Ò Ç � when ê � UnHKJ�� FN¾¨J p�p|p J � .

If we now allow only one exponent to be positive ê �Tè �òH�J
and ê � \ UÞHKJ � LíFé,�J p|p�p J �

then we have

� X<FN¾ p�p|p J � J ¿Á TÈA É § ê � \ ÂÄ ~ �zH�J
if
X

is oddUzH�J
if
X

is even
� BT� § J p�p�p J�� T E0M ã T

which means that the characteristic equation accepts only positive roots for all
C MêÒ Ç �

only if
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� X<FN¾ p�p|p J � J ¿Á ¾av T�A É § ê � \ ÂÄ UñH�J � BT� § J p|p�p J�� T E0M ã T

Or equivalently,

ê �Tè �W¾av T�A É ª ê � \
Finally, it will be shown that these requirements cannot be satisfied if more than oneê � J�� F ¾	J p�p|p J � is positive. Let ê �Tè J ê � Ù   H

, then because
B�� § J�� ª E�M ã § we have:ê � è B�¾av ê � è E�UìH

and ê � Ù B�¾av ê � Ù E0UìH p
However, ê �Tè J ê � Ù   H

, thereforeê � è �W¾
and ê � Ù ��¾ p

Furthermore,
BT� § J=� ª E'M ã ª soB ê �Tè ê � Ù E�B�¾av ê �Tè v ê � Ù E0�ìH

or B�¾av ê ��è v ê � Ù E¡�ñH
which is in contradiction with ê � è J ê � Ù �N¾

. Therefore, assuming conditions (i) or (ii) then¿
is convex in for all

C M	Ò Ç � .
By following the same line of thought,

¿
is concave if all terms à Ç � T B±ákJ�C.E5� Ç � T J�X F¾	J p�p|p J � maintain constant sign for every
�   H

and for every
C MgÒ Ç � . This is true if,� X<FN¾ p�p|p J � J à Ç � T B±ákJ�æ�E¡�ñHKJ � C�M	Ò Ç � p

This can be written equivalently as,

� X<FN¾ p�p|p J � J ¿Á TÈA É § ê � \ ÂÄ ¿Á ¾av T�A É § ê � \ ÂÄ �ñH�J � B�� § J p�p|p J�� T E�M ã T
For

B�X<F ¾|E
we deduce that,ê � B�¾av ê � E¡�ñH

or
H½U ê � UW¾¨J � � F ¾	J p|p�p J �

This implies that,

� X<Fë, p�p|p J � J ¾av T�A É § ê � \ �ìH�J � BT� § J p�p�p J�� T E0M ã T J
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which simplifies intoÇ� ��É § ê � Uz¾ p
Therefore, if condition (iii) is true then

¿
is concave in for all

C�M	Ò Ç � .
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Table 2. Parameters of Example 2î îçï îñð î�ò îñó îçô î �Tõ
10 ö�÷ ø
ù
úDö�ú�û � ü ÷ ö�ú
ýDö�ú�û�þ ÿ�÷ ü ÿ
ö�ö�ú�û
þ ü ÷ ü ø��Dö�ú�û ò ù�÷ ü ú���ö�ú�û ï ø�÷ ý�ö)ÿ
ö�ú�û ò

Table 3. Solution of Example 2¤ ¥� ¤ ¥� ¤ ¥� ¤ ¥þ ¤ ¥ï
0.00311410 34.59792453 0.06504178 0.85937805 0.03695186

Table 4. Solutions of Example 4 1¡�¢�£ ¤ ¥� ¤ ¥�
1 0.29944869 2.83692777
2 0.50000000 3.14159265

Table 5. Solutions of Example 5¡ ¢=£D  ¤ ¥� ¤ ¥� ¤ ¥� ¤ ¥þ ¤ ¥ï
1 1.000 1.000 1.000 1.000 1.000
2 0.916 0.916 0.916 0.916 1.418

Table 6. Computational re-
quirements for Example 5# Iterations CPU (sec)

1000 352 22.16
100 112 7.42

10 37 2.26
5 12 0.69
1 7 0.35

Table 7. Computational re-
quirements for Example 7# Iterations CPU (sec)

0.1 1645 987.91
0.01 212 143.41


