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ì¸ð¹øÍì¸ü��"ó¸òFó¸ï�òÍó#$Fí��1ûuí�úuõ�ñB�´��ñJöFó1ðËü¹üËý¸ñUû�ú�ö�û�ðËòFó.�R	 ðËøFý¸úuí��!�*ñuì¸ò�ÿÝñHöiñ?ï}ì¸í�õ�ö�û�ð¹ïrúuí�ù¸úuí�ñuí�ó�û�ö�û�ð¹òÍó1òFþ
ö�û�ìcúuí�í[ü¹í&$Íí�ülù¸ý¸õ�ùÊï�òFó�0NøÍý¸úuö�û�ð¹òÍó.��ÿÝì¸í�úuí[í�ö�ï}ì ü¹í&$Fí�ülï�òÍúuú?í�ñuùÄòÍó¸îcñ�ûuò�ö�î¸ð�ºxí�ú?í�ó�û�ù¸ý¸õ�ù û��]ùxíZ�
	 ð¹øÍý¸úuí����Üñuìcò�ÿÝñrûuì¸í*øÍü¹ò��NöFü¢òÍùcûuðËõ�öFüCï�òÍó�0¸øÍý¸ú�ö�û�ðËòFó.��ï�òÍú?úuí�ñuùÄòÍó¸î¸ð¹ó¸ø�û�òWöFó ö�ó¸ó�ýNöFüËð���í�îÊï�òÍñUûròFþ
� ® ª��^ª� � 	¨��� v �

ëµì¸íÜñ?ûuúuý¸ï û�ý¸úuöFülî¸í�ï�ð¹ñuðËòFó¸ñ�þÛòÍúrö�ó�l ü¹í&$Íí�ülñuýcùxí�úuñ?ûuúuý¸ï û�ý¸ú?í"öFúuí*ú?í�ù¸ú?í�ñ?í�ó�û�í�î��#�Êö�ó�ý¸õ��xí�ú	òFþ
î¸ð¹ñuï�ú?í�ûuí�$�öFúuðËö��¸üËí�ñB��ëµìcí�¸ðËóNö�ú6��$�öFúuðËö��¸üËí�ñ�º Ø ÛPÜ·Ý���Û Ô*ÔBÔ ÛmlvÛ=î¸í�ó¸ò�û�í$û�ìcí$í��=ðËñUû�í�ó¸ï�í-òFþ�ü¹í&$Íí�ü¦Ü6��ëµì¸ínpo X d @N=:>�<V?9@.CFE&8 o TU<9Ov>�8rq

É �
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Range is interval infeasible
Range is interval feasible
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Range tested for feasibility using interval arithmetic
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convexified obj. < f*

Interval bound updates

NO

YES

NO

Solve new lower bounding problems 

Solve upper bounding problems

s.t. convexified const.
Solve  min / max   x

YES

START

Variable 

by user ?

Parse input file

Pre-processing

bound updates required

(binary or continuous)
Select branching variable

Create new nodes
in Branch and Bound tree

calculation)Convexify problem α(

UBD = smallest upper bound
LBD = smallest lower bound

?εUBD - LBD <  STOP

α( calculation)

variable bounds

Convexify problem

ü BFN�2*Ay& � j ü ~F)¦+�=t78-CA@6cm�)�AP6:7*&`}lkRl�mcï�no�V�b-C~DN�)CA1BF617*3iCk



99.8

99.4
1x

p
99.0

99.399.2

93.5
1x

v1

q

r
0 1

[10,20]

[5.6,10]

[15,20]

11.4
1y

20.2

72.7

86.6
1

1x

x

s

t

u
104.9

[0,10]v
36.3

[0,5] [5,10] [1.1,5.6]

[10,12.5]

100.5

[12.5,13.75]

[3.8,5][2.7,3.8]

[13.75,15]

98.5
1v

1x

w [10,15]

[12.5,15]

ü BFN�2*A1& 	 j }lk!l�mcï�n��V�Ð;*A:-0(*=t7�ï�-0(*<�ï�;�)�2*(4<�6:Ay&?&CI!��)�~D<4mr-0=?&c(h2*3�;�&?A1/�BD(*<*BF=©-061&K6:7*&9)�A1<*&VA�BF(¤+c74BD=t76:74&�(*)�<4&?/P+�&?A1&a&Ã�4w4~D)�Ay&?<TI�JK7*&a~D),+�&?AP;�)�2*(4<!-0(*<�;*A:-C(4=t7*BD(*N^H0-CAyBO-C;*~F&E-CAy&EBD(4<*BD=?-06:&V<�BD(*/yBD<*&E&?-C=t7(*)x<*&CI�JK7*&PA1-C(*N�&§6:)%+c7*BF=t7�6:7*BF/�;4A:-C(*=t74BD(*NEH0-CAyBO-C;*~F&�BD/�Ay&?/@6:A1BF=V61&?<�BF/�<*BF/1w*~D-,vC&?<^-0~D)�(*N9&©-C=t7^;4A:-C(*=t7#Im9)06:&E6:7*-06K6:7*&a;�)�2*(*<4/�/y7*),+c(®-CAy&�;8-C/y&?<R)�(�6:7*&aA1&V/12*~s6:/c)Cm�6:74&�;�)�2*(4<�61BDN�7�61&?(*BF(*NMw*A1)x=?&V<*2*A1&0I È;*~D-C=yx�(*)x<*&EBF(*<*BF=©-061&?/�617*&�~D),+�&?AK;�)�2*(*<*BF(*N�w*Ay)�;*~F&?3 +�-C/Pm�)�24(*<�BD(4m�&?-C/1BF;*~D&9-C(*<R-�/17*-C<*&?<R(*)x<*&EBF/mr-0617*)�3¤&?<�;�&V=©-C24/1&�BF6:/K~F),+�&VA�;�)�2*(4<RBF/KN�A1&?-06:&VAK6:78-C(�6:74&�=V2*A1Ay&?(�6�2*w*w�&?Ac;�)�2*(*<R)�(�6:7*&a/1)C~D2461BD)�(TI
i��



S

H2

H1

CW

C2

C1

Stage 1 Stage 2

C2
H2

H2
C1

C2
H1

C1
H1

CWC1
H1

C2
H1

H2
C1

C2
H2

S

ü BDNC2*A1& g j }�2*w�&?A1/@6:Ay2*=V612*A1&�m�)�AP6:7*&a7*&?-06�&G��=t78-C(4N�&?A�(*&V6�+�)�A<x�w*A1)�;4~D&?3RI
Stage 2

H2

H1

S

C1

C2

H1
C1

C2
H1

H2
C1

CW

CW

Stage 1

ü BDN�24A1& i j � w461BD3�243 =?)C(4�8N�2*A1-06:BF)�(�m�)�AP6:74&�74&©-06�&G��=t78-0(*N�&?A�(*&G6�+�)�A<x�w*A1)C;*~D&V3!I

0
z

10
z

20
z

30
z

40
z

Iterations{ |0.0

0.5

1.0

ρ}

z = (0,0,1)~
z = (0,1,1)~
z = (1,0,1)~
z = (1,1,0)~
z = (1,1,1)~

ü BFN�2*A1& k j �YA1)�N�Ay&?/y/�)CmO� o 617*&YA1&V~O-061BFH�& q 2*-C~DBs6�v%)Cmx6:74&Y~D),+�&VA�;�)C2*(*< o m�)�A#�4H�&�=?)�(�61BD(h2*)�2*/�Ay&?~O-¦�*-�6:BD)C(*/?I
iC�



maximum number of     BB iterations

fL >  f   ?*

fL

fL

iter < iter      ?max

best lower bound on original problem
best upper bound on original problem

α

NO

YES

YES

NO

YES

*

NO

Set f   = solution of lower bounding problemL

Set iter = 0

iter=iter+1 Fathom region
YES

*>  f   ?

Improvement rate NO
Return 

Run one     BB / SMIN-   BB iterationα α

f
iter

fast enough ?

*
max
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x < x < x,L U L Uy < y < y

α calculation)(

Interval bound updates

Variable 
bound updates required

by user ?

Select integer branching variable

START

Parse input file

Pre-processing

For each new node

f = smallest upper bound
f = smallest lower bound

*

*

Run    BB to get lower 
bound on node

α

Relax integer variables

Get upper bound on node:
Test integer feasibility

Current node YES
MINLP ?

Solution = lower and
upper bound for node

Run    BB to completionα
NO

ε ?*f  - f  <* STOP
YES

NO

s.t. convexified constraints

Convexify problem

YES

Solve  min / max   y

Relax integer variables

convexified obj. < f*

NO

Create new nodes
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